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Lecture 27
The hydrogen atom

We had from lecture 25 (x |IA_2 |a) = —1?[ = &1 d (sing )] (x la)

sin2g d¢2  sing do do
R R R . ) d d2 dZ 107d 2 d 1 dz 1 d d
The laplacian in spiracle coordinates is V° = (- + T e A Ul R 7 * 5 4 SIN0 =]
So we wrote
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I would like now to get to the radial part of the wave egn in 3D in a different way. Lets first look at the relationship
between L and p2.

Some identities first (you can prove them if you want)
2k Eijk €imk = il Ojm — Oim Jji
(&x P =Zijki Djeiik
= (X% P)* =2 ki Pj€ik ZimX1 Prm€imk=Lijimk €ijk €mkRi PRI Pn=Zijim(Git Sjm — im 6j1) Ki P& P=
Zijim0il Ojm &i (R Pj = 1716j1) Pry—0im 6t Ki P (P K1 + 17201m)=
ZijimOit Ojm Ki%i Py P =17 ijim Git Ojm Ojt KiPy = Zijim Oim Ot KiPj (P K1 + 17201m)=
K2 DP-in% - D= Lijim Oim Ot i Py K1 — 172 T Gim 6jiim Xi ;=
%2 pP-in% - = Sijim Sim 531 %P B X, - X P =
RZPE—ihk- D z”,m Sim 6jt & Pry(X1 P — i18y) —ih K- P =
PP —ink-Pp- (XD + ihk-D -k P=x2P° —(X-P° - kP

Now remembering (from QM25work)
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X'=rsindcosg y'=rsingsing z'=rcosd r=vVx2+y?2+z2 ¢= acosi':acos(;') = atan( L
¢y ¢ VxZ+y (+) ) ¢ (+)

d , cosoosp d _ sing d
_Sln9C03¢ r do rsing de¢
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dy dr r do rsind d¢
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_ cosp L_sind d
7~ cos¢ dd r do
we get that & - V=r sin? cos? ¢ —+sm600360052 (b cos¢sm¢ L+

rsin? 6sin® ¢ —+sin6?cosé?sin2 ¢ =5 +cosgsing %
rcosZG% -cos@sm@ = diso <x'\5t-i)|a>=iR-V<x'|a)=ir'F<x'|a>
and (x'|(%- P)° | @) = [a® x" (x'|%- p|x"><r' 3

2,.0d o d ' _ 32 .zi ' v d oy
- rr d—r,<x |y =-h°(r dr,2<x | a)+r dr,<x la))

)= =72 fd® xSt X (X a) =

and finally (x |IA_2 la) = (x |8 P2 — (XD’ - %D |@) =r%(x"| p? | a)+ H? (r'zjr—,22<x' |a)+r' %<x'|a))
or turning it around

r dr

1 2 1
AP o= -2 VXl = (L) & () + 2 L ()| + 515 (x| o)
Now | would like to adopt Liboff's notation and call
NG

p,2 can be written several ways in position representation and | give them all here)

2 2 2 2 . .
()=t 2d -S4l (24 -2dy Use the one which suits you. The last 2

are easy to remember

So now we write the Schrodinger eqn with some potential V/(r) in the position representation as

H(x|a) == (7mr) = +V(r)|<x|a/)

We want to look for eigenfuctions and eigenvalues and V(r) is spherically symmetric and H commutes with L and we can
write

A~ 32 2 r2
Aoy =[5 (2 &)+ 2fn—rz)+V(r)] (xInlm) = Eqym(x|nim)

Further we can write (x [nIm) = (r, 6, ¢ [nIm) = Ry () Y,™(0, ¢)

a2
(22 (2 ) - L V)| Ru(M) Y6, ¢) = EnmRu() YI"(, 9)

We know L2 Ry(r)Y\™(@, ¢) = Ru(r) > Y,™(6, #) =12 1(1 + )R (Y™ (6, ¢) 50

(2 (2 L)+ 20D ) v Ry() Y6, 6) = EnimRui(D) Y6, 6)

[ 2 (2 22 )+ 20D v ()| Rur) = EnmRu()

This is the radial wave egn. We have already done the hard part of the 6 and ¢ coordinates.

We can solve this thing for all kinds of \V/(r). i.e. V(r)=0 just gives us a free particle in 3D. V(r)= box potential is the
analog of a particle in a box etc. But lets go straight to the Hydrogen atom. What is the picture? In its simplest form we
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can just think of a very heavy proton with an electron. Since the protons is ~2000 times heavier than an electron we can
effectively think of it as infinitely heavy. If you dont like this just think of m as the reduces mass of the proton and

L4 mL The potential is just a coulomb potential
p

electioni.e. + =
m me

2 . . . . .
Vin=-Z eT We leave the factor of Z in there to deal with a 1 electron atom of heavier things. Later we will work our
way up to 2 electron atoms etc. Now we want to think of bound states so E is negative. (remember -13.6 eV?)

So we have

2 2 \ 2 2 . .
(L Lr)+ G — 2= L |E||R() =0 forease | leave off the subscripts n and I for now. They will come back

OK. Its painful but we have to solve this. | wont do it. | will just give you the solution
First lets set R(r) = i(rQ We then get

_ 32 2 2 2
(3%%2— 4 2D ':2”1) - £ 4 |E|)um =0

Now let me define some things:

the Bohr radius ag = r:—; =53x10°%m

The Rydberg constant R = ?m;;;‘- =13.6eV

=y B A% = ZZ% and p=2«r which will be our radial variable for now so u is now u(p)
The radial egn can now be written
d2u_ld+D) A_1yy=

u+ (p 7)u=0

d p2 p2

The solutions are

u(p) = e P2 p*1 F.(p) where the Fy are the Laguerre Polynomials.

and A must beanintegern with | <n-1 (thatisael+1l) hence we have

_ 7%
En=-1En|=- 7

Now the wave functions must be normalized. We remember that the element for 3D is r? dcosf d¢ wo this means
JIRum P r2dr=1

After all that we will get

(xInlm) = 26)¥ At p' €72 Fri(0) YI"(6, )

n=1,2,3... 1=0,1,2..n-1 m=-l,...+1

For example

(XIn=11=0m=0) = ¢q0 = ﬁ (%)3/2 e~@/)" The ground state of hydrogen.

The energy is Ey =~ 28 = -z?R  or-13.6 eV for z=1
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Here are the first set of wave function in spectroscopic notation where the notation 1s means n=1, I=0
remember: s: [=0 p: I=1d: 1=2 . 1=3 ...

1s = —2 e "0 y,0
$100 2032 0

— 2 r -, 0
2s $200 = (230)3/2 (1_ E)e /ag YO

- 2 __ I grfagy,m
Zp $21m \/§(2a0)3/2 2ag € Yl

_ _4V2  r[q_ _r Ja-r/agy.m
3p ©31m = 9(360)3/2 ag [1 6a0]e Yl

- 2V2Z () ragy,m

Degeneracies

We see that for any particular n, there are many values of | and m that are OK, i.e. there are Y.)=3 (21 + 1) states, so for
instance for the n=2 state, we have 1 1=0 state and 3 I=1 states =4 total and so on. So this means that there are several
states which have the same energy. l.e. there are degeneracies. We will see in the next lecture about how part of this
degeneracy is actually not there since we dont quite have the right hamiltonian. These degeneracies also mean that for
many electron atoms, the various states can mix and we do not have to use the eigenfuctions (x|nIm) but we can choose
any linear combination of those with the same energy. This leads to things like hybridization and the formation of
molecules.

Some pictures

Energy
Levels
E=0
E=-1/16 % "
E=-1/9 /
E=-1/4 £ 2
1s
E=-1
1=0 (s) =1 (p) 1=2 (d) 1=3 (f)
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Radial wave functions in units of ag n=1(green) n=1(blue) n=2(red)
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Probablility distribution of n=10, L=0
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