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Lecture 12
Changing basis (or "representation")

We have decided to use the S, basis, i.e. |+) and |-). Suppose we want to switch to the Sy basis. Is the a way to do this?
Before we answer this, lets see if there is a way to go from one set of eigenkets say |+) and |-), to another set, perhaps
Sx+) and |S,-). Lets think of this more generally as A=S, with eigenkets |a;). Is there a way to find a different set of
eigenkets of another operator B=S, with eigenkets |b;)? In general we can let A and B be any two operators which
represent observables so that the kets |a;) and |bj)are complete, orthogonal eigenkets. Let us suppose that we have an
operator U which does this.

ie.  b)=Ulaj). 1)
The operator U will be a special kind of transformation matrix called a unitary operator.

A unitary operator U is one in which U'U=1 and 00 "=1 This also means U ' =0 )

Now we want an operator U such that [b;)=U |a;). By construction this will be Dk bk (a | ?3)

Proof: Ulay) = ¥ [bk) (@ | ai) = Xy [be) dki=lbi) QED
we can also show that this is unitary: U U=%; laj) (bj IZk b (@ =X S 1aj)(bjlbi) (ac =X [aj)(@;j =1

Now we can think of U in a matrix notation. The matrix elements are (see lecture 7)

N _ ~_( @111 (@i [bz)
(@ lUlaj)= (@ X bk (ax [aj)= (a; [bj) so for the a two component case U=
(az |by) (az|by)

where we have used (3). Now lets see how we can use this.

We have typically written things in the S, basis, but suppose we want to switch to a different basis, say Sy. How do we do
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this?
First lets start out by figuring out how to change the basis of kets. In the S, basis we write |@)=|+){+|a)+ |-){-|@).

So that we can write this symbolically as |@)=Y; |ai) ¢i = Y; |a;) (aj |) where the |a;) are eigenkets of A and A=S,. We see
that the coefficients ¢; = (a; |a). Now lets let B=S, and |b;) are the eigenkets. In general we can let A and B be any two
operators which represent observables so that the kets |a;) and |bj)are complete, orthogonal eigenkets. Remember

Zi ) (ai| =1 and ; |by) (bj |=1 Then we can write

lay=2; lai) (@i la)=2; 1bj) (bjlai) (@i le)=2; Ibj) X (bj lai) (@i le) So we can now write @) = 3;bj) c',- where the new
coefficients (bj la)=c j=Y; (bj |ai) (ai |@). Thinking of this in matrix notation is particularly nice since originally in the A
(@ la) )

basis we write a column vector (
(az @)

. (by @)\ ((brlag) (bylag) \( (a1le)
We can transform to the new basis as follows: ( ):( )( ) . 5
by o S\ by ay) by ) \ @ ) ©)
Notice how this matrix multiplication does exactly the same thing as the sum. Now notice that this matrix is just the
transpose-complex conjugate of U so we can write
by l@)\_ ~1f (a1 l@) . . . .
=U where it is now understood that U is in matrix notation. i.e. 6)
(b2 |e) (az @)
(new basis)=U " (old basis) @)

Example:

Lets first recall from Lecture 8:

Sty = (D)) Byx==(0H 1)) @

= (S0 H%D)) =S 85%-))  (b)

=TSy D +Sy =) =)= 5558y H) -8y -)) (©

Now lets take |+) as the old basis and |Sy£) as the the new basis

1) find the representation of |+) inthe [Syx) basis. We know what the answer should be just by looking at (b).
It should be |+) = %(\sx +) +S, _>)i%(i) and |-) = %asx +) -ISy —>)i%(_11) in the Sy basis.

Its very important that we recall we are in the |Syx) basis! Lets now use what we learned to see if we get the

same answer.

A;(<0|d1 inewy) (old; [news) )_ (+[8x +) (+ISx—) )__ 1 (<+I(I+>+|—>) I+ = 1)) )_ 1 (1 1)
- (<—|sx+> (=18x=) )7 V2 L=l + =) (=I+)y = =) (1 -1

(old, [new;) (old, [news,)
Ao (101 . . L . L 1 0
U =37 ( ) so using (7) we can write |£) which in the original basis is just (O) and (1)

2

1 -1

RSN LR N = (PO (Y i basi ted
| )_W(l _1 )(O)_W(l) |->_W(l _1 )(1)_W(—l) In the new Dasls as we expected.

How does this change the matrix elements of operators? Lets find out for an operator X, Remembering that
biy=Ula;) and hence (bij=(a; |0
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(b | X [ by)=(be | 1X 1

br)=(b | Y18 (@i [R 1 2 lay) (@ Ib)=22 j(a 10718 (ai[R 1212 (@jlOlay)=

=(ay |0"XUJay) or in somewhat symbolic notation where we mean that X' is just the matrix for X in a new basis or
representation

~ ~

X'=0"XU0 - This is known as a similarity transformation in matrix algebra.

So to summarize (ket in new basis)=U " (ket old basis) AND X'=0"X0 (8)

Example:

N 01
2) Now Sy in the |%) basis is g (1 0). Lets write it in the |Sy; +) basis. We again know what the answer has to

10
be - it has to be% (0 1 ) Lets use our methods and see if that is what we get. We use (8)

1 1\(0 1y(1 1 1 1y/1 -1 2 0 10
e 11 _hn1 a1 =5
USU=727 72 (1 —1)(1 0)(1 —1) 2 2(1 —1)(1 1) 2 2(0 —2) 2(0 —1) =

expected.

TRACE

Now we define a trace of an operator as the sum of the diagonal elements

Tr()?):zi (ai | X | aj). This turns out to be INDEPENDENT of representation )

Proof: " (ail X lai)=)" (ai] D, b (b [X 1 Xy 1on) brfa=)" > > (@il b (bi|X | bib fai)=

=Zk ZI Zi (by lai) @i | bi) (bic [X | bl)sz ZI (by [ 1) (b |X | b|>=Zk ZI Sk (b [X 1 by)=2 (b [X | b) QED
A few other things | will ask you to prove in the problem set
Tr(XY)=Tr(Y X)
THO'RO) = Tr(X)
Tr(lai) (aj]) = 0jj (10)
Tr(lbi) (ail) =(ailbi)
Example:
. . . 2 (0 1Y) . A (1 0.
3) Now in example 2 we had two representation of Sy as 5 (1 0) in the ususal |+) and as > (0 _1) in the

ISy; ). The trace is the same (i.e. zero) in either basis.

Example:
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4) now lets try something harder. Let's write [Sx; £) in the |Sy; +) basis. So we have

[£) old basis and ISy+) new basis

(@

(<0Id1 Inew;) {(old; \newz>) ((+|Sy+) <+|Sy—))
(oldz [newy) (oldy [new) ) \ (=[Sy +) (=[Sy-)
L(<+I(+>+I|—>) (+|(|+>—I—>)) 11

V2 (=) +i =) (=ld+) =i =)

At_q (1 i
v 'W(l i )

1
In the original |+) basis |Sy+) = —— (1) and | S —) = - )
1

:L(
vz i i

V2 2 -1
In the new basis | S >*—1——1—(1 _i)(l)-l(l_i) |->4———1—(1 _i)(l)—
x =7 vzl i N\ 21+ =z vz l1 i N\-1f
What does this mean? It means

| Sx+)=5 (L) ISy +)+ 5 (1+]) Sy =) and | Sx=)=2(L+) | Sy +)+ 3 (L) | Sy -)

(1)

N |-

Lets plug in for | Sy +) and see if it makes sense

| Sy +)=5 75 (@I I 5 T AH)(+-I=5 Z5 (D T+ [+ - i+l 1)=5 7 @)
+21)

:\/LE(|+>+|-)) So it checks out. You can do the same for | Sy —)

. 01
2) Now Sy in the |x) basis is % (1 0). Lets write it in the [Sy; +) basis.

UTSAU:ﬁ—l——l—(l —i)(o 1)(1 1)=£1(1 —i)(i —i): 1(0 —Zi)=£
X 2 vz vz {1 i JLto)li -i) 22l1 i Jl1 1 2\2i 0 ) 2

the representation of S, in the |Sy +) basis.

(i o)

N |

Diagonalization:

Suppose we know the matrix elements <ai |I§ lajy where the |a;) are not the eigenkets of B. How do we find the basis in
which a matrix is diagonal? i.e. we want to find B in the Ib;j) basis. OK - so let's first lets look at an operator B in the
basis of its eigenkets |b;) where B |bj) = bjlb;) . Now do the following

(bi | BIbj) =bj(bi | bj) = bjd; Soin this basis B is diagonal. If we find the unitary operator where

Ibi) = U |aj) then we know that 0'BU is diagonal. So we have to find U such that [b;) = U |a;) and the |b;) are
eigenvectors of B.

So first we want to find the eigenvectors and eigenvalues of an operator B where we know the matrix elements <ai |I§ laj)
and where the [a;) are not the eigenkets of B. This means we want to find the bj's such that

Blbj) = bjlbjy where the |b;)'s are eigenkents of B
First lets do some things to this:

(ai | B | bj>=bj<ai | bj) Sl (ai

A A

1

bj)=bj@ilb)) = y(@lB|ay) (albj) =bj@ilbj

writing this in matrix notation for a 2x2 for example we have two eqn, one for each eigenvalue b; = b; and b
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(a1 |Blay) (a1]B]ay) (<a1|bj>):b.(<a1|bj>)
(a2 1B lay) (a|B]ay))\(@2 by \(ay | bj)

then from knowing a bit of linear algebra we can solve this as

det(B-A1)= 0 where the values of A will be the eigenvalues b;. Once we solve for the b; we can find the eigenvectors [b;)
(a1 | bj)
(@2 | bj)
operator we want since (a; |U|aj)= (a; [bj). So all we have to do is to put the eigenvectors |b;) in the |a;) basis, side by
side and we get U. Note that for this procedure to work it is important that B be hermitian. e.g. S, in the S, basis is

h( 01 ) and the procedure will fail since (B-)Li)(<al b7
00 (a2 | by

which in matrix notation is( ) . Now define x;; = (a; | bj) . Butfrom (4) x;; is just the expression for the unitary

0
): 0 just give 0=0. (This is since one of the eigenkets is (0)).

So to summarize: To diagonalize an operator

1) Find the eigenvalues b; and eigenvectors |b;) in the original basis | aj)
2) form U where (a; |Uaj)= (a; |bj)

3) then diagonalize as B' =080 where B' is now diagonal

(11

Example:
5) now lets start with S, in the S, representation and change it to the S, representation where it should be diagonal.

First we have that the |a;)=|) and the |bj) = Sy ) = %(|+>¢|->)

L (@b (@l \ ((+Sg+) (HSc-) . 4 (+1 +1 it (+1 1
v ((az\b1> (@ Iby) )‘(<—|sx; 1) (=[S ) )‘_(+1 —1) and U ‘W(ﬂ —1)

V2
check unitarity
Aton +1 +1 +1 +1 +2 0 A
UTuzi( ) L( ) =§( ): 1 itis

val+1 -1 2{+1 -1 0 +2
check that
b= U (1 +1 1_1 148' 4L +1 +1 0_l 145_ q
by = U la:) W(+1 —1) (o)"ﬁ(l)" ) an W(H —1) (1)"?(—1)" =) 900

1 0 Ata A . A .
i (0 1 ) That is we expect that the |b;) are eigenkets of UTSXU with the same eigenvalues as the Sy eigenvalues.

-6 )=t +1 +1y,(0 1y, (+1 +1y ; ,(+1 +1y(+1 -1y , ,(2 0\ ,(1 O i
XX "—2(+1 —1)?(1 0)\/—5(+1 —1)"? ?(+1 —1)(+1 +1)‘? ?(o —2)‘?(0 —1) 01

01

A o 10
We should check Tr(Sx)=Tr(Sx) or Tr(0 _1)—Tr( 10

):O so it works

Example:

Di lize X = t
iagonalize —(_1 0

serve as the "new". The old basis is just |+)
1 -1 a_ba 1-b -1 a_o dt1—b -1 -
(—1 1) (ﬂ)' (,8) = (—1 l—b)(ﬁ)_ = e(—l 1—b)'

(1-b)2-1=0 b=0 or 2 are the eigenvalues

) So we need to find the eigenvalues and eigenkets of this matrix. The eigenkets will
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1
for b=0 a-B=0 a=- andusing o+ 82 =2 we get that the eigenket is —( )

vz (1
1
forb=2 -a-=0 anda=-8 andusing o®+ 8% =2 we get that the eigenket is 7_15—(_1)
So old basis is |*) the new basis is — (|+)+]-)) and — (|+)-|-))
1 1 11
~ 1 "T_i
U= (1 _1) and U _\/5(1 _1)

C>

T T I TR

Note that the trace is 2 for the old and new basis and that for the new basis, the eigenvalues are down the diagonal.

Unitary Equivalent Observables
Theorem : 1T we have two basis sets connect by an operator Uas |b;) =
U |a;  then we may construct a unitary transformofAasUA0*. A

and 0A U ' are said to be unitary equivalent observables
meaning that they have the same sets of eigenvalues.

Note first that the definition of U " is the inverse of U so that U ~"0=1
Proof of theorem: A Ja) = ajja;) = AUT'0 a)=ala) = U AOTU0 a)=aUla) =U AU™ b)) =a |by)
We can by definition write B |by) = by | by) and comparing this with U AUt b)) = Bby)=a |by) we recognize

that Band U AU " are simultaneously diagonalizable with the same eigenvalues. Often in the cases of physical interest,
they are the same operator.

| le |by) = Sy =) B=§ o A8 and0= (Tt ) gzt (P HE
= + = =
n our example [bj) = (S, +) x| ai=l) 2N r(+1 _1) r(+1 _1)
Uéo_l_l +1 +1),(1 O 1 (1 41 g L+l +1y(+1 +1 2(0 2\ ,(0 1
: ‘W(ﬂ —1)?(0 —1)W(+1 —1)"? ?(+1 —1)( 1 +1) ?(2 0)"?(1 0)

A 0 +1 . -
Now B = Sxi( ) and has eigenvalues £+

1
2
10 > with eigenvectors( ) and ( ) Lets check and see if these are

01 A
eigenvectors of U S, U ol (1 0) This is just Sy again, so its obvious that they are. As stated, the two operators

Band U AU are often the same operator in cases of interest.

N N oA A A +1 +1
So what this says in this case is that S, and $,=U §, U ! are related by a unitary transformation U= ) and

7:( 1 -1
have the same eigenvalues =+ —h . Now what is interesting is that we know what sort of transformation changes S, to Sy - its

a rotation. But is U really a rotatlon? Yes it is. It tells us how the 2 dimensional space of spin transforms under rotation in
3-space.

Note of interest:
The transformation that changes S, to S, is

8,50 §; 0" isthe same as R;jS; where Rj; is just a rotation. This can be done because the U's are just 2x2 matrices. But
actually there are 2 U's that will do it. U, and -U this is just the double covering aspect of SU(2) to SO(3) which then
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means that fermions have a funny thing that a rotation in 2 does not bring you back to the same thing but you have to go
through 4x.
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