matrix manipulations

matrix elements (which will be operators) are labeled a,,, .ojumn @S follows

Ay dp Ay
a21 azz a23
a31 a32 a33 )

kets will be column vectors | b, we will often just label this as b,

bra’s will be row vectors (C11 Cp 013) or (Cl C, C3)

many operations, like adding (subtracting), multiplying by a constant, and taking
the real or imaginary part means just doing it term by term. You can add two
matrices, two column vectors, but you cannot add a matrix and a column vector
or add a row vector to a column vector — just like you cannot add a bra to a ket

or add a operator to a ket



matrix multiplication

« we will always multiply rows by columns and put the
answer in the row/column used. First lets multiply a row
by a column which is like multiplying a bra by a ket.

(a |b) which makes a number

/bl\
(Cl C, C3) bz
bs/

e Multiplying column vector by a matrix is like operating on
a ket

agagEd (B,
Ay Ay Ay bz —
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a,.b +a,b, +a,b,




« Multiplying two matrices is like combining two operators
Here | have only colored in a a few examples

(&, a, ag)(d, d, dy
8, 8y By || Uy Oy dy|=
dy 4 A3 ) d31 d32 d33
a,,d;, +a,,0,, +a;,d,

a11d13 T a12dZB T a13d33

1

a31dlB + a'32(:123 T a33d33 a31d12 : a32d22 * a33d32 a31dlB T a'32(:123 + a33d33 Y,

e Multiplying a row by a matrix is like combining a bra and

a matrix. We will ususally not do this
d; dp d

(Cl C, Cl) Ay 8y Gy |F
a-31 dg, g )

Cla:LZ = C2a22 3 C3a32 Ciaii% = C2a23 o CSaS?))




Hermitian conjugate

d, &, dapy
if A=|a, a, a,
a31 a32 a33
Then
all a21 aSl
- -1- . * * *
A _ a12 a22 a‘32
a13 a23 a33

So we just interchange the rows and columns and then take the complex
conjugate of everything



Determinant of a matrix

 The determinant of a matrix A denoted as det A Is explained at

— http://mathworld.wolfram.com/Determinant.html
— http://mathforum.org/library/drmath/view/51440.html

 Here are a couple tricks to figure out the determinant

o [For a 2x2 matrix its easy

dy; Gy
a‘21 a‘22 a'21

det(A) = det

= dy,8,, —&,dy

Note that this is just one diagonal (red) minus the other diagonal (blue)
Note also that the matrix with a | | around it means the determinant



Determinant 3x3 of a matrix

« For a 3x3 matrix we multiply the diagonal numbers
together. Notice that when you come to the end of a
row/column you just wrap around




Determinant of 3x3 a matrix

Then we go the other way but put a negative sign

\_“31 3 943 Y,

-(Q13 8y, @31+ A5 Ay3 Agpt Ay, Ayg Ag,)

So finally we have det A=
Qqq Ay Agat Qgp Ayg Qg+ Qg3 Ayg Az, —(843 Ayp Agyt+ Qg A3 Ayt Ay, Ayy Ag,)



Finding the eigenvalues and eigenvectors of a 2x2 matrix

When we want to find the eigenvalues and eigenkets of an operator in matrix form we
can just find the eigenvalues and eigenvectors as follows

Let's start with a matrix A and a column vector X. If X is an eigenvector of A

then we can write

AX=2X where 4 is a number (it will of course turn out to be several numbers -

the eigenvalues.) I will stand for the identity matrix - i.e. it has 1's down the diagonal,
then (A-A1)X=0

Now there is a nice way to solve such things. We can just solve

det((A—A4 1)X)=0 for A. Lets first assume that A is a 2x2 matrix then

det{(aﬂ aizj—ﬂ,(l Oj}zo OR ail_ﬂ“ CP:
8y 8y 01

a, a,—-A4
(&, —4)(a, —4)—a,8,, =0
a,a,—Aa,—Aa,, +1°-a,a, =0
Af - (a:Ll + 3-22)/1 + (a11a22 - a12a21) =0

A= (all + a22) as \/(a'u + azz)2 - 4(3113-22 — a12a21) _ 1
2 2

=0

(B + ) B8, + (3~ )"



Finding the eigenvectors

Now we know the two eigenvalues A, :%[(aﬂ +a,)t \/4a12a21 +(a, —ay,)’ }

we have to solve (A—A 1)X=0 for X where 1=4_and A . Lets IetX:(le

Xy
[aﬂ_ﬂ“ P j[xlj :[O] or ((all_/l)xl—l_alZXZj: (Oj
Ay Ay, — A X, 0 Ay X + (azz — /1) X, 0

(a, - )X +a,X =0 a,x +(a,—1)X, =0 itturns out these are not independent
(a11 — /1) X

So all we learn is that x, = — ]
a21

but we have the normalization condition that x,° + x,> =1 so let x, = ¢ then we have

2
c’ [1+[aﬂ_ﬁ“] J—l SO X, =C= L == A -
ay \/ [aﬂ_;tj \/a212+(a11—/1)

1+
a'21

(ail - /1) (a11 - /1)

B 2 - 2
aZl\/l+(a11 _ﬁ“] \/‘3‘212 +(ay, - 4)




Unfortunately this does not simplify much and we have
two sets of eigenvalue+eigenvector

1

ﬂ“izg_(ail + azz) T \/43123'21 + (a11 _ 6‘22)2 }

Ay \
\/a212 +(a11 _ﬂ’i)
_(all _ﬂ“i)z

2

\\/3-212 +(a11_/1i) )

2

-+




Diagonalizing a matrix

We will talk about changing basis later, but let me just tell you
that you can change the basis on an operator to diagnolize it.
This is simple. The eigenvalues are the same

1
ﬁ’i:E|:(a11 + azz) i\/43‘123-21 + (a11 _azz)z)J

The matrix becomes just

G o

and the eigenvectors are

) e




