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New Predictions

How does a theory come to be?

Experimental Test

Old “Classical” ideas
e.g. F=ma

New Ideas (might be crazy)

Unanswered questions
Puzzling Experimental Facts

New Theory (A guess)

A New “Good”
Theory !

Yes

No
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“Once upon a time”

Pre-1900 “The standard model”
Newton, Kepler
Maxwell  
Pretty good

Explained orbits of planets
Explained static electricity

Maxwell –”We have a complete theory. Physics 
will be over in 10 years…”

But there were a few minor problems
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The bad guys

Spectra of Hydrogen atom 
Strange – like a merry-go-round which only     
went v=1mph, 5mph, 10mph,….
THE WHITE KNIGHT – QUANTUM MECHANICS 

p

e-

Discreet shells!
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Classically

To “quantize”
Particles change to 
“wave functions”
E,p,V Change to 
operators           
(E→H, p→p, V→V)
But operate on what??
Answer: ψ(x) 

the “wave function”
ψ is the “real thing”

Getting to QM 
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quantum mechanics had been discovered in 1926 in two rather 
distinct forms by Erwin Schrödinger and Werner Heisenberg.  It

was von Neumann's insight that the natural language of quantum 
mechanics was that of self-adjoint operators on Hilbert space. 
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What does it predict?
Energy levels!

BUT!
Zero probability!
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What is ψ ?

Answer ψ*ψ is a probability
We have lost the normal notion of a particle 
with position and velocity
Crazy, but it EXPERIMENT tells us it works
E.g. double slit experiment with electrons

electrons
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wave function of H atom
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Happiness again?
Dirac – “underlying physical laws necessary for a large 
part of physics and the whole of chemistry are known”

No!
More bad guys!

Problems:
Hydrogen atom – small discrepancies
Relativity
Decay e.g. n→ peνe

How does a particle spontaneously evolve into 
several other particles?

Quantum Field Theory
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dirac notation - toward QFT (quantum field theory)

E.g. look at energy levels of Hydrogen

E1,E2,E3 with wave functions ψ1(x), ψ2(x), ψ3(x),… ψn(x)

Remember we can specify x or p but not both – Can we write these as 

a function of p instead of x?? YES! φ1(p), φ2(p), φ3(p),… φn(p)

So generalize – call it |n> and specify ψn(x)=<x|n> and φn(p)=<p|n>

QFT: we now want ψn to be an operator so <x|n>=<0| ψψn(x)|0>

Now |n> is the “real thing”

X probability distribution = |<x|n>|2

p probability distribution = |<p|n>|2

hilbert space

now ψ and operator
QFT

position or momentum eigenfunctions

energy (or number of particles) eigenfunction
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Can we create or destroy particles? (energy quanta)
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SHO – raising and lowering operators (cont)
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SHO – raising and lowering operators (cont)
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SHO - eigenfunctions
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SHO – eigenfunctions – position representation
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graph some

check heisenberg
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n=0
amplitude

n=1
amplitude

n=15
amplitude

n=15
prob ~
amp2
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n=0 + n=1
amplitude

n=0 + n=1
prob



Richard Seto

ωt=π/2

ωt=π/4 ωt=3π/4

ωt=π

probabilities ~ amplitude squared

time dependence for fun
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position ket
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momentum ket
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both
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Now skip lots of steps-creation and annihilation operators

0 1 a

φ→

∼

Let  and  be the basic "things" and 0  be the vacuum

Then  i.e.  is an operator which creates 1 quanta

Later we will write  which we call a field operator
An aside: Really the typical way we

a a
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 do this is as follows:
Start from E and M, with the classical radiation field
     Quantize Field operators

E and M      Remember??

Define   and 

really    and 

A

“

( ) ( )

) )
, ,

, ,

i( kx t -i( kx t
k k

k

i 1
k kc c

a e a eα ω α ω
α α

α

ω
α α

ε ε− −⎡ ⎤+⎣ ⎦

= − =

∑∑
P X   † †

k,α k,α k,α k,αa - a a + a

†

k=momentum of γ
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Particles and the Vacuum
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Sakurai: " The quantum mechanical
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excitation of the radiation field
can be regarded as a particle, the photon, with mass 0, and spin 1.

Field not excited  vacuum   

Wiggle (excite) the field  particle(s)  
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Vacuum has energy???

The Vacuum has energy?
Experiment – measure Force between two 
plates in a vacuum F=dEnergy(vacuum)/dx
Done is last several years – agrees with 
prediction!
Dark energy? – right idea but quantitatively a 
BIG discrepancy
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What tools to we have to build a theory?

To Build theories (an effective Lagrangian) we 
invoke fundamental symmetries.

Why? -
because it works 
and it seems right somehow???  “ H. Georgi”

Examples
translational invariance momentum conservation
rotational invariance angular momentum conservation
Local gauge invariance (phase change) EM forces

In the standard theories we essentially always 
start with a massless theory –

Mass comes about from a breaking of symmetry giving 
rise to a complicated vacuum.
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Lagrangian Formulation
Compact, Formal way to get eqns. of motion (F=ma)

Lagrangian L=T-V=Potential E – Kinetic E  (Hamiltonian E=H=T+V)
Lagrange’s eqn – just comes from some math
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Symmetries - Example
L is independent of x (translational invariance) 

I.e. physics doesn’t depend on position

( )

21
2

0 0

0 0 0

If we choose it is independent of position

then from Lagranges eqn.       

        

i.e. p is
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 constant !, momentum is conserved!
Symmetries   Conservation Laws
space invariance  conservation of p
time invariance    conservation of E
rotational invariance   conservation of angular momentum

⇔
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→
→



Richard Seto



Richard Seto

Note on Symmetries
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Symmetries and Conservation laws



Richard Seto



Richard Seto



Richard Seto

Aside – for electrons

2 2 2 2 4

2 2 2

_ _
_ _

L

Add relativity

units c=1, =1

guess mass like potential energy
guess 

Guess 
Probability = 

electron

E p c m c
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H Kinetic energy mass term
L Kinetic energy mass term
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So we now build theories which have 
symmetries
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Require other symmetries
Local gauge invariance ⇒ Forces!

L
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Solution (a crazy one)
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So What is this thing A?
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A nice way to write out A is
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Ans: Photons?
We have Electricity and Magnetism?

really?
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What happens if we give mass to A?

The term is NOT gauge invariant
So do we throw out gauge invariance?? 
NO – we set mγ=0 photons are masses

IS it really electricity ??? – photons? (looks like a duck…)
Agrees with experiment! – you can figure out F=q1q2/r2 

etc – can you get what we know as QED? The feynman
diagrams?
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the QED lagrangian

F F

F A A

μν μν

μν μ ν ν μ

μ ν−

= ∂ − ∂

+electron phot

Now you may wonder if the A field (photon) have
 a kinetic energy term. It does.  It is

1
 (were the  and  are summed over 0-3) and

4

The total Lagrangian now is 
L=T-V=T T

QEDL i F F m A
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ψγ ψ ψ ψ
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on electron interaction

interaction

-Mass V

1
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where V
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Perturbation theory
We begin with an unperturbed Hamiltonian H0, which is also assumed to have no 
time dependence. It has known energy levels and eigenstates, arising from the time-
independent Schrödinger equation:

For simplicity, we have assumed that the energies are discrete. The (0) superscripts 
denote that these quantities are associated with the unperturbed system.
We now introduce a perturbation to the Hamiltonian. Let V be a Hamiltonian 
representing a weak physical disturbance, such as a potential energy produced by an 
external field. (Thus, V is formally a Hermitian operator.) Let λ be a dimensionless 
parameter that can take on values ranging continuously from 0 (no perturbation) to 1 
(the full perturbation). The perturbed Hamiltonian is

H = H0 + λV
The energy levels and eigenstates of the perturbed Hamiltonian are again given by 
the Schrödinger equation:

Our goal is to express En and |n> in terms of the energy levels and eigenstates of 
the old Hamiltonian. If the perturbation is sufficiently weak, we can write them as 
power series in λ:
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Plugging the power series into the Schrödinger equation, we obtain

We will set all the λ to 1. Its just a way to keep track of the order of the correction
Expanding this equation and comparing coefficients of each power of λ
results in an infinite series of simultaneous equations. The zeroth-order 
equation is simply the Schrödinger equation for the unperturbed system. 
The first-order equation is

Multiply through by <n(0)|. The first term on the left-hand side cancels with 
the first term on the right-hand side. (Recall, the unperturbed Hamiltonian 
is hermitian). This leads to the first-order energy shift:

This is simply the expectation value of the perturbation Hamiltonian while 
the system is in the unperturbed state. This result can be interpreted in the 
following way: suppose the perturbation is applied, but we keep the system 
in the quantum state |n(0)>, which is a valid quantum state though no 
longer an energy eigenstate. The perturbation causes the average energy 
of this state to increase by <n(0)|V|n(0)>. However, the true energy shift 
is slightly different, because the perturbed eigenstate is not exactly the 
same as |n(0)>. These further shifts are given by the second and higher 
order corrections to the energy.
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We get

En
(1) En

(2)

so the idea is, for any quantity to do an expansion 
like this
NOTE – it only works if the corrections are small 
and get smaller!

This is only true if e is small compared to 1 (see next)
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QED
e A e Aμ

μψγ ψ ψ ψ/− = −Our interaction term V=

Its a pertubation!  I have added an extra constant e 
(which turns out, not suprisingly to be the electric charge)

Aeψ ψ/

2 A Ae ψ ψψ ψ/ /

1st order

2nd order

0th order i mψ ψ ψψ∂/ −

γ
e-

e+

γ

γ
e-

e+

γ

γ

Time

Time

1 vertex 2x1 vertex

2 vertices 2x 2 vertices
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Now what?

We started with electrons
We required the symmetry of local phase 
invariance – this gave us photons and E&M
How about other symmetries? 

can we get the electro-weak theory?
can we get the theory of strong interactions?

And for the future – maybe quantum gravity? 
maybe unify all forces????? (no one has 
succeeded)
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More symmetries – groups
(actually semi-simple Lie groups)

Rotations in 2 D
U(1) {SO(2)}– 1 generator 

unitary group
SO(2) – special orthogonal group

Rotations in 3 D
SU(2) {SO(3)} – 3 generators – pauli matrices

special unitary group
special orthogonal group

And maybe for later SU(3) – 8 generators (a pain)
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Groups - definition

Objects (A,B,C,…I) with operation “*”
Closure A*B=C
Associative A*(B*C)=(A*B)*C
There must be Identity  A*I=A B*I=B etc
There must be inverse B*(B-1)=I where B-1=C

Example – Whole numbers under addition
…, -2,-1,0,1,2,… , Identity=0, inverse A=-A
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Groups – Example with operators
face of a clock (say with only 
0,1,2,3)

objects are 0,1,2,3
operation is clock addition
identity = 0
inverse of 2 is 2, inverse of 
3 is 1 etc

How about operators as our group 
members? rotations?

Rotations R(0°), R(90°), R(180°), 
R(270°)
operation is to do the rotations 
successively i.e

R(90)*R(180)|something〉=
R(90)*[R(180 )|something〉]

Identity R(0°)
Inverse as above

“|something〉” might be the hand of our 
clock

180900270270

90

0

270

270

0270180180

2701809090

1809000

180900*

group multiplication table 
or “algebra”

21033
1
0
3
3

0322
3211
2100
210*
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cos sin
sin cos

Rθ

θ θ
θ θ

−⎛ ⎞
= ⎜ ⎟

⎝ ⎠

2D Rotation group – SO(2) 
Continuous group-Infinite number of elements e.g. 
R10, R90 , R45 ,….
Notice these form a group where the “*” is the addition 
of angles: RαRβ(object)=Rαβ(object)
These rotation operators all commute – its “Abelian”

[Rα ,Rβ]=0
A way represent such rotations is with the rotation 
matrix of determinant 1 which can rotate a vector (x,y)
Rθ is actually the one “generator” of the group. Plug a 
number in for θ and it “generates” one member of the 
group

cos sin cos sin
sin cos sin cos

cos cos sin sin cos sin sin cos cos( ) sin( )
sin cos cos sin sin sin cos cos sin( ) cos( )

R R

R

α β

α β

α α β β
α α β β

α β α β α β α β α β α β
α β α β α β α β α β α β +

− −⎛ ⎞⎛ ⎞
= =⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
− − − + − +⎛ ⎞ ⎛ ⎞

= =⎜ ⎟ ⎜ ⎟+ − + + +⎝ ⎠ ⎝ ⎠

Note that the matrices (using the * operation for matrices) 
nicely shows the  addition of angles
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U(1) – another way to think of 2D 
rotations (almost)

Lets think of an imaginary number with absolute 
value one.

z=Re(z)+i Im(z)  This can be graphically 
represented and can be written as                 
z=cosθ+i sinθ = eiθ

This can be represented by a 1-D matrix (eiθ) of 
complex numbers. Again “*” is matrix 
multiplication eiα eiβ =ei(α+β).

But what space is this rotating in? Its in a space where one axis is real, the 
other is imaginary. i.e. complex space – eg. a wavefunction and the 
rotation can be a phase eiα

This is ALSO a way to represent the group (one to one correspondence of 
matrices (almost), same multiplication table, same identity, same inverse. 
U(1) is almost = SO(2) – actually there is a two to one correspondence –
this leads to some bizarre behavior of leptons..
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3D rotations SO(3)

Now a 3-D rotation is any rotation of an 
object (say a book) in 3-space.
It can be represented by a 3x3 matrix with 
determinant one.
it has three generators. Any rotation can be 
made up of a combination of these three

( ) ( ) ( )
1 0 0 cos 0 sin cos sin 0
0 cos sin 0 1 0 sin cos 0
0 sin cos sin 0 cos 0 0 1

x y zR R R
β β γ γ

α α α β γ γ γ
α α β β

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟= = = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠ ⎝ ⎠

You will show in your HW, that the rotation matrices 
do not commute and follow particular commutation relationships
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Our friend will demonstrate a rotation around the vertical, 
followed by one around the horizontal:   Rz(90 °) Rx(90°)|bear〉  

Now, surely, performing the same operations in the opposite order will have the 
same outcome, yes? It in does two dimensions, right? Rz(90 °) Rx(90°)|bear〉

Surprise! Rotations about different axes in three dimensions do not commute!
The rotation group in 3-D is non-Abelian. [Rz(α) ,Rx(β)]≠0

Rotations in 3-D don’t commute!
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SU(2)
SO(2) had a equivalent group of complex matrices U(1), which work on a 
space of complex numbers (in 1-D)
Does SO(3) have an equivalent group of complex matrices?
YES SU(2) – like SO(3) it has three generators, but it works on a complex 
vector space in 2-D
They can be represented by 3 2-D matrices

Unlike previously I give it to you in a somewhat different form
The transformation will be as follows (with similar expressions for y and z) with αx  a 
number, and 1 is understood as the unit matrix.

1 0 0 1 0
0 1 1 0 0z x y

i
i

σ σ σ
−⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠

( , , )1 ... x y z
x xi

x xe iα σ α α α αα σ == − +

the group SU(2) has the same algebra, the same lack of commutations, with 
the same commutators etc as SO(3), but it lives in some bizarre 2-D complex space
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Symmetries AGAIN
We had a lot of success requiring the lagrangian
(physics) to be invariant for transformations under U(1) 
– i.e. complex numbers of absolute value one 

ψ→eiθ(x) ψ
Does it make sense to require that 

but ψ(x) is a complex number, and it needs to be a 2-D vector in 
some bizarre space, maybe we should think of it as

and see it corresponds to something in nature

( )( ) (1 ...) ( )i xx e i xα σψ α σ ψ→ = − +i i

1

2

( )
( )

( )
x

x
x

ψ
ψ

ψ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠
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Any doublets?

Proton

?
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Building a theory
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The higgs mechanism

Interlude
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Spontaneous symmetry breaking

Which wine glass is yours?
Or think of a nail sitting on its head
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The Higgs Mechanism (and nambu)

4

2

2
2 4

22
2

( )
4

( )
2 4

( )
4

1
2

1
2

f Tf T

f T

μ μ

μ μ

μ
−

λ
=

μ λ
φ − φ

⎛ ⎞λ μ
− φ +

∂

⎜ ⎟λ

φ ∂ φ −

∂ φ
⎝

= φ
⎠

∂

L

φKE of Potential Scalar field φ

For High T: f(T)=+1 and the lowest  energy 
state is at φ = 0.
What happens as we lower T? [f(T)=-1]

Lowest energy state is at

V(φ),T~Tc

V(φ),T<Tc

min
μ

φ = ±
λ

Invoke a scalar field φ with a funny potential energy term
V(φ),T>Tc

φ
temperature

dependent term
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higgs

tip of hat to nambu
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expand around equilibrium point

22
21

2 4
i g μ μ

⎛ ⎞λ μ
− φ+ φψ + ∂ φ ∂ φψ −⎜ ⎟λ⎝

∂= ψ
⎠

ψL

KE of ψ φ ψ
Interaction 
of  with φKE of φScalar field 

V(φ),T<TcStart with massless field ψ
couple φ to ψ
Expand around equilibrium point

μ′φ = φ ±
λ

' μ
φ = φ

λ
∓

spontaneously choose top sign
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higgs

V(φ),T~Tc

V(φ),T<Tc

V(φ),T>Tc

φ

te
m

pe
ra

tu
re

 o
f 

U
ni

ve
rs

e 
co

ol
s

spontaneous symmetry breaking

choose top sign
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mass from no mass!

22
21

2 4
i g μ μ

⎛ ⎞λ μ
− φ+ φψ + ∂ φ ∂ φψ −⎜ ⎟λ⎝

∂= ψ
⎠

ψL

KE of ψ φ ψ
Interaction 
of  with φKE of φScalar field 

V(φ),T<TcStart with massless field ψ
couple φ to ψ
Expand around equilibrium point

m′φ = φ ±
λ

( )
2

21 2
2 4

i g g
μ μ

λ μ⎛ ⎞′ ′ ′ ′ ′ ′φ = ψ∂ψ − φ ψψ + ∂ φ ∂ φ − φ
μ

+ − φ⎜ ⎟λ⎝
ψψ

⎠λ
L

New mass term
gμ

λ
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To understand the Higgs mechanism, imagine that a room 
full of physicists quietly chattering is like space filled only with the Higgs field.... 

The higgs mechanism
the higgs field
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... a well known scientist walks in,

The higgs mechanism
starts out as a bare (massless) particle



Richard Seto

creating a disturbance as she 
moves across the room, and attracting a cluster of admirers with each step 

The higgs mechanism
particle gets mass
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... this increases her resistance to movement, in other words, 
he acquires mass, just like a particle moving through the Higgs field ... 

The higgs mechanism
particle is massive
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... if a rumour crosses the room ... 

The higgs mechanism
the higgs field – gets excited



Richard Seto

... it creates the same kind of clustering, but this time among the scientists 
themselves. In this analogy, these clusters are the Higgs particles. 

The higgs mechanism
massive higgs field
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Living in the cold QCD vacuum

It is generally believed in the fish population that 
there is an inherent resistance to motion and that 
they swim in a “vacuum”.

The vacuum –
perceived to 

be empty by the 
general 

fish population
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A clever (and crazy idea)

One clever young fish  is enlightened. “The vacuum is 
complicated and full of water!” he says –” really there is 
no resistance to motion!”
“Phooey” say his friends, “we all know the vacuum is 
empty.”
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A simulation of the vacuum

4 dimensional Action Density of the vacuum
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Weak Force: Parity non-conservation

Left ?
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Weak Force: Parity non-conservation
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Co-60 experiment 1956



Richard Seto
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in muons
In 1956-1957 Wu, E. Ambler, R. 
W. Hayward, D. D. Hoppes, and 
R. P. Hudson found a clear 
violation of parity conservation 
In the beta decay of cobalt-60. 
As the experiment was winding 
down,  with doublechecking in 
progress, Wu informed her 
colleagues at Columbia of their 
positive results. Three of them, 
R. L. Garwin, Leon Lederman,  
and R. Weinrich modified an 
existing cyclotron experiment  
and immediately verified parity 
violation. They delayed 
publication until after  Wu's 
group was ready; the two 
papers appeared back to back.
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building a theory

The Weinberg Salam Model
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Steps to building a theory
1) choose particles (fermions) and appropriate 

representation
2) choose gauge group (guess)
3) write down Lagrangian for Kinetic energy of particles
4) check gauge invariance, and add gauge fields (Aμ) to 

make gauge invariance OK
5) add higgs scalars with higgs potential
6) break symmetry by looking at excitations around 

minimum of gauge potential
7) choose constants to make theory consistent with reality
8) make predictions - is it right?
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Notation
s̀z = K 1 0

0 -1 O s̀x = K 0 1
1 0 O s̀y = K 0 -i

i 0 O

the 4 x 4 matrices g̀0 = K 1 0
0 -1 O g̀5 = K 0 1

1 0 O g̀i =
0 s̀x

-s̀x 0

K ne
e- O

L
=

1
2

 H1 - g5 L K ne
e- O HeLR =

1
2

 H1 +g5 L He-L

Note dc = d cosqc + s sinqc
where qc is the Cabibbo HKobayashi - MaskawaL angle
dc = 0.974 d + 0.2272 s

and eijk  is something called the antisymmetric
tensor.e123 = 1, and if you switch two indices e213 = -1,

switch it again then it will be 1, etc and if indices are the same, its zero.
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Intro
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More notation 
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Starting the construct the Lagrangian
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non-Abelian Gauge invariance
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no explicit mass term?
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The Lagrangian
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The Lagrangian
Kinetic energy of the electron

and neutrinos with vector fields
to keep gauge invariance

Kinetic energy 
of vector fields

Kinetic and potential
energy of scalar 

(Higgs) field
Interaction between

electrons and neutrinos
with Higgs scalar
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breaking the symmetry
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electron 
mass 
term!
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The W’s and Z’s appear
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The Weinberg angle sin θW
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Interactions
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electric charge
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What do we know?
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Experiment confirms theory
(to some extent)


