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The basic idea of PDFs is achieving a factorized description with soft and hard parts, soft parts being 
portable and hard parts being calculable. In the leading contributions at high energies, the PDFs can 
be interpreted as probabilities. Beyond the collinear treatment one considers not only the dependence 
on partonic momentum fractions x, but also the dependence on the transverse momentum pTof the 
partons. Experimentally, transverse momentum dependent functions (TMDs) provide a rich 
phenomenology of azimuthal asymmetries for produced hadrons or jet-jet asymmetries. Furthermore 
inclusion of transverse momentum dependence provides an explanation for single spin asymmetries. 

An important issue is the universality of TMDs, which we study for some characteristic hard processes, 
where we focus on the pecularities coming from the color flow in the hard part. This color flow in the 
hard process gives rises to a variety of Wilson lines in the description of the cross section. These give 
rise to color entanglement, in particular in situations that the color flow is not just a simple transfer of 
color from initial or final state.

We argue that these Wilson lines can be combined into the appropriate gauge links for TMD correlators 
in cases where only the transverse momentum of partons in a single (incoming) hadron is relevant (1- 
parton un-integrated or 1PU processes). Such a situation occurs in single weighted cross sections, 
which consists of a sum of 1PU processes or if absence of any polarization makes all explicit transverse 
momentum effects vanish. For 1PU processes one finds TMDs with a complex gauge link structure 
depending on the color flow of the hard process. In the case of single weighted cross sections the 
results are the gluonic pole or Qiu-Sterman matrix elements appearing with calculable color factors.
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Exam
ple: D

rell-Yan process
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•
H

igh energy lim
its num

ber of soft m
atrix elem

ents that contribute 
(tw

ist expansion).
•

Expand parton m
om

enta (for D
Y take e.g. n=

 P
2 /P

1 .P
2

)

•
For m

eaningful separation of hard and soft, integrate over p.P
and

look at �
(x,p

T ). This show
s that separation fails beyond ‘tw

ist 3’.
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R
ather than considering general correlator �

(p,P,…
), one integrates 

over p.P =
 p



(~

M
R 2, w

hich is of order M
2)

and/or p
T

(w
hich is of order 1)

The integration over p



=
 p.P m

akes tim
e-ordering autom

atic. This 
w

orks for �
(x)

and
�

(x,p
T )

This allow
s the interpretation of soft (squared) m

atrix elem
ents as 

forw
ard antiquark-target am

plitudes (untruncated!), w
hich satisfy 

particular analyticity and support properties, etc.

Integrated quark correlators: 
collinear and TM

D
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Jaffe (1984), D
iehl &

 G
ousset (1998), …
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Introduction

•
Isolating hard process (factorization)
–

Study of quark and gluon structure of hadrons
–

Account for hadronic physics to study hard process
•

Beyond collinear approach
–

Include m
ism

atch of parton m
om

entum
 p and xP (fraction of 

hadron m
om

entum
)

–
TM

D
s w

ith novel features
•

O
perator structure of TM

D
s

–
Color gauge invariance as guiding principle

–
Appearance of TM

D
s in hard processes

–
G

auge links in 1-particle un-integrated (1PU
) processes
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PD
Fs and PFFs

Basic idea of PD
Fs is to get a full factorized description of high 

energy scattering processes
2
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Tw
ist expansion of (non-local) correlators

D
im

ensional analysis to determ
ine im

portance of m
atrix elem

ents
(just as for local operators)
m

axim
ize contractions w

ith n to get leading contributions

‘G
ood’ ferm

ion fields and ‘transverse’ gauge fields
and in addition any num

ber of n.A(�) =
 A

n(x) fields (dim
ension zero!)

but in color gauge invariant com
binations

Transverse m
om

entum
 involves ‘tw

ist 3’.
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G
auge link results from

 leading gluons

Expand gluon fields and reshuffle a bit:
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Coupling only to final state 
partons, the collinear gluons 
add up to a U

+
gauge link, 

(w
ith transverse connection 

from
 A

T �
�

G
n�

reshuffling)

A.V. Belitsky, X.Ji, F. Yuan, N
PB 656 (2003) 165

D
. Boer, PJM

, F. Pijlm
an, N

PB 667 (2003) 201
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R
elevance of transverse m

om
enta?

At high energies fractional parton m
om

enta fixed by 
kinem

atics (external m
om

enta)

D
Y

Also possible for transverse m
om

enta of partons
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Y

2-particle inclusive hadron-hadron scattering
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Care is needed: w
e need m

ore than one 
hadron and know

ledge of hard process(es)!

Boer &
 Vogelsang

Second scale!
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O
ppertunities of TM

D
s

TM
D

 quark correlators (leading part, unpolarized) including T-odd part

Interpretation: quark m
om

entum
 distribution f1 q(x,p

T )
and its 

transverse spin polarization h
1 �

q(x,p
T )

both in an unpolarized hadron
The function h

1 �
q(x,p

T )
is T-odd (m

om
entum

-spin correlations!)

TM
D

 gluon correlators (leading part, unpolarized)

Interpretation: gluon m
om

entum
 distribution f1 g(x,p

T )
and its linear

polarization h
1 �

g(x,p
T )

in an unpolarized hadron (both are T-even)
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TM
D

 correlators: gluons
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The m

ost general TM
D

 gluon correlator contains tw
o links, w

hich in 
general can have different paths.
N

ote that standard field displacem
ent involves C =

 C’

Basic (sim
plest) gauge links for gluon TM

D
 correlators:
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G
auge invariance for D

YC
O

LO
R

 EN
TA

N
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Strategy:
transverse m

om
ents

Em
ploying sim

ple color flow
 possibilities, e.g. in gg �

**
J. Q

iu, M
. Schlegel, W

. Vogelsang, ArXiv 1103.3861 (hep-ph)
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Even sim
plest links for TM

D
 correlators non-trivial:

G
auge-invariant definition of TM

D
s: 

w
hich gauge links?
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 collin
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T -in
tegrated) case
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Featuring: phases in gauge theories
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1-parton unintegrated

•
R
esum

m
ation of all phases spoils universality 

•
Transverse m

om
ents (p

T -w
eighting) feels 

entanglem
ent

•
Special situations for only one

transverse
m

om
entum

, as in single w
eighted asym

m
etries

•
But: it does produces ‘com

plex’ gauge links
•

Applications of 1PU
 is looking for gluon h

1 �
g

(linear gluon polarization) using jet or heavy 
quark production in ep scattering (e.g. EIC),  
D

. Boer, S.J. Brodsky, PJM
, C. Pisano, PR

L 106 
(2011) 132001
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Full color disentanglem
ent? N

O
!
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Com
plications (exam

ple: qq �
qq)
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Color disentanglem
ent for 1PU
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Collinear treatm
ent for 

all-but-one parton (p
1 ):
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H
igher p

T
m

om
ents

•
H

igher transverse m
om

ents

•
involve yet m

ore functions

•
Im

portant application: there are no com
plications for fragm

entation, 
since the ‘extra’ functions �

G ,
�

G
G , …

 vanish. using the link to 
‘am

plitudes’;
L. G

am
berg, A. M

ukherjee, PJM
, PR

D
 83 (2011) 071503 (R

)
•

In general, by looking at higher transverse m
om

ents at tree-level, one 
concludes that transverse m

om
entum

 effects from
 different

initial
state hadrons cannot sim

ply factorize.
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Conclusions

•
Color gauge invariance produces a jungle of W

ilson lines attached to 
all parton legs, although the gauge connections them

selves have a 
nicely sym

m
etrized form

•
Easy cases are collinear

and
1-parton un-integrated (1PU

) 
processes, w

ith in the latter case for the TM
D

 a com
plex gauge link, 

depending on the color flow
 in the tree-level hard process

•
Exam

ple of 1PU
 processes are the term

s in the sum
 of contributions 

to single w
eighted cross sections

•
Single w

eighted cross sections involve T-even ‘norm
al w

eighting’ 
and T-odd gluonic pole m

atrix elem
ents (SSA’s)

•
G

luonic pole m
atrix elem

ents in fragm
entation correlators vanish, 

thus treatm
ent of fragm

entation TM
D

s is universal (physical picture: 
observation of jet direction)

•
Furtherm

ore, there is the issue of factorization! (talk Ted R
ogers)

SU
M

M
A

R
Y
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R
esult for integrated cross section
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