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Lecture 9

Ok. We have a system we are studying - electrons. It looks like they can be characterized by just 2 states, |+) and |-).
What are these things? - well they are the eigenkets of S, since

SI+)=+21+) and S, [-)=-2|-) L

and the eigenvalues are +% and % So they are the eigenkets of an observable S,. These two kets are orthogonal because
eigenkets of an observable are orthogonal. Now we can use

1=y, la)al to write
T =+ )¢+ + =) )

Then we can use Lecture 7 eqn (6) A = i & lai) (&l to write

§Z:g(|+>(+| - |=)-]) So we have a way to write S, in terms of the base kets ©)]

Now lets define a few other things
S, =hl+)-| and S_=na-)+ note that these are NOT HERMITIAN 4)

we will see in a bit that

S. =5, = iS, (5)
and $,=2 (5, +$) and$y=-2L- (5, -5 (6)
Now lets see what S.. does to the base kets @)
S I=A+YC)=A+) SoH)=Al+)-1+)=A|+)0=0 so S, "raises” |-) to |+) butkills |+) (8)
S_|H)=h|= X+ +)=h=) S_|-y=h|-X+-)=A-)0=0 so S_ "lowers" |+) to |-y butkills |-) 9)
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Now we know that | Sy;+) = 712— (|+) +|-)) and|[Sy; =) = 7_12—(|+) -=)) should be
eigenkets of S, with eigenvalues i%
Solets try it Sy | Si+)=5 (S4 +82) = (H)CI+1=XH) T (1) + =) =5 = [ = XA +H=) ()=

575 IFH)=5 [ S +)

S0 | S; +) is an eigenket of =2 (|+)(-| +|-)(+|) with an eigenvalue of 2 (10)
We can similarly show that | Sy; —) is an eigenket of S, with an eigenvalue of % (11)
and S, = % S, - é_)=%(|+><-| -|-)(+|) has eigenkets | S,; +) with eigenvalues i% (12)

Now we can write things in matrices as well using |[+) and (-| as a basis

o (@l Xa) (@l X |a) o (#1804 +HS =) (1 0
X = . R O S, = . . :5(0 1)
(@ X |ay) (@] X |ap) =S|+ =I5 |-) -

A7) A1) O
(@l =1+ \o \(=1=) 1 (14)
(o] =(alag) (@laz)) So (H =({(+|+) (+|-))=(10)and {(-|=({-|+) (—1-))=(01)

(13)

o (IS8 FS ) (I IH) R (0 1
S+ = :h :h
[<—é+|+> 18, |- (<—|+><—|+> <—\+><—|—>) (o o) (15)
o ((F1S1+) +IS |- (+1 =) H A+ H =)+ =) 00
S_. = =h -
[<—§_|+> =I18_ |- (<—|—><+|+> <—\—><+|—>) (1 0) (16)

now using (6) we get

S}ﬁ%[(g ;)+(2 8)]=§(2 ;) and eigenkets ISX;i>=71—2—(|+)iI—>)ﬁ%[(é)i((1))]=7l—2—(ill) (7
S= 510 o) o) =5 (5 0)=3 (0 )
andeigenketslSy;i>=%(|+>ii|—>) =%[(é)i|(2)]:%(ill)

Now lets make sure that the eigenfunctions are really eigenfunctions of the appropriate operator

o s=t(2 S)ORE) st )R =)

o -1)(o)
=3 (1 o) 5 (-3 75 (a) sfse=3 1 0) 5 (5)-
1

(18)

A

Sy Sy
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So everything works out nicely

Now lets gather everything together
First Let define some important matrices called the Pauli spin matrices (memorize these!)

(1 0 (0 1y (0 -i
(’Z‘(o —1) "X‘(l 0) “y‘( i 0 )
Then S,=L¢6, Si=26y S=L4y [Thisisinthe
S, representation meaning that the basis kets are the eigenkets of S, ]
. 1 0
eigenketsof S, are (0) and (1) with eigenvalues i% (19
; 3 1
eigenkets of Sy are W(

H 3 1
eigenkets of S, are \/—5(

§*h01 § ho
oty o) 8=

food for thought -

1 ) with eigenvalues +2

. ) with eigenvalues +2

|

o O W

1) Are | Sy; +) and | Sy; +) orthogonal?
2) are & and § (the unit vectors in 3 space) orthogonal?
3)are |S;; +)and |S;; —) orthogonal?

4) are +2 and -2 orthogonal?
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