Physics 156B Quantum Mechanics - Final

March 17, 2005
Exam Solutions

Date]]

{2005, 3, 15, 20, 44, 43.8865088}

Total - 120 pts
prl - 20 pts
pr 2 - 20 pts
pr 3 - 20 pts
pr4 - 20 pts
pr5 - 20 pts

READ THIS!! !
Make sure you do not spend more than 1/ 2 hour on each of
these. Don' t get caught up in long calculations. First explain
clearly what steps youwill take to solve the problem. That way I can
give partial credit even if you do not complete the calculation.
Problems 1, 2 and 5 are straightforward. Problem 3 is easy too but the
calculation can get painful if you do not take the smartest route. Don'
t waste time here. Problem 4 has a subtle thing you must recognize,
but is otherwise straightforward. I give hints to guide you through the toughest
things - these hints assume you know what you are doing. It might be best on these
problems towrite out a strategy first. That way I can follow your thinking -
and more importantly - it forces you to clarify your thinking. I alsogive
you lots of info at the end to save you time of searching around in your notes.

1) Letusassumethat there exists a particle like an electron with spin s:%. Letscall it an setolepton. Y ou manageto

replace the electron in an hydrogen atom with a setolepton. Lets assumethat it isin a p-state orbital (i.k. I=1 wherel isthe
quantum number for L - the orbital angular momentum)

a) list the j and m; states that are possible (i.e. quantum numbers of total angular momentum J and the quantum number of
J)

b) Supposeitisinthe j = % , mj = ’71 state. Write this state in terms of |, m s and ms. Make sure to be clear about
which quantum number stands for what. Caution: check the signs and look at the lower right box of the CG table shown

in the exam.
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¢) To find the correction from spin-orbit coupling we added aterm H g =2m—;i2—rg- L-5. Now as| did in class, to make

things easier letsfind f=( nisim | %3 nigm) = [CRe(r) %3 Ry(Nr2dr = m and then rewrite
3

_ e2 ré _ 1 . . . . - —
0 =577 fL'S wheef = T3 m %)(|+1)n3a03 isaconstant. Find the correction to this funny atom for the n=1, 1=1,
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2) You are given an infinite potential well asin the left picture above. Thereisabarrier in the center. A particleisin the
left compartment in the n=1 ground state of a particlein abox of size L/2. Suddenly the barrier isremoved. (Part aisabig
hint to the rest of the problem)

a) i. What isthe hamiltonian after the barrier is removed?

ii. What isthe first step you should do, given a problem - i.e. this problem, and an observable, i.e. the
hamiltonian.

iii. How do you find the time dependence of the n=1 state?



w
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b) Find the time dependence of the state. If you do an expansion, calculate the first 3 non-zero terms. (Hint: write
down theinitial condition carefully over al of x, not just the left half of the box. )

Integrate] SiN[2 « Pi x X] = Sin[n = Pi = X], {x, 0, 1/2}]

Zsin(”—z”)

Anr—n

3) When we made our simple model of the strong interactions we assumed that the particles were subject to aone
dimensional simple harmonic oscillator potential % mw? &, It was anon-relativistic model. Actually for the lighter
quarks, we should use a more realistic relativistic hamiltonian. In this problem we will figure out the first order relativistic
correction.
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a) we have always used the non -relativistic p?/2m form for the kinetic energy. The relativistic form should be

T-VREZT RS -me.

i. Show that the first two termsin an expansion of thiswould be i L

P~ 4
2m  8m3c2 P

ii. Wewill define H0=%+ 2 mw? ¢ and H'= - =5 P". What are the energies and eigenlets of Ho?

b) Now find the first order relativistic correction to the energy, i.e. (H'), were the expectation valueis taken
between the eigenkets of Hy. (Hint: First write down the procedure clearly and completely that you should follow with
the relevant formulae. That is mostly what | am looking for. Then work it out- if you are having pages and pages - then
thereisacleverer way to doit. | found it quickest to operate early in the kets.)

4) Thisisnow aproblem where we solve the one case in which we have atime dependent hamiltonian. It is the case of
spin magnetic resonance. Thisisthe basis for the NMR machine at the hospital when used with nuclei instead of



(&)
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electrons. But we will use electrons to make things easy. | have heard this go my the name ESR. uSR where the electron
isreplaced by amuon is often used to study materialsin solid state physics.

An electron is at rest in an oscillating magnetic field which pointsin the? direction with amagnitude
B = Bycos(wt)

a) construct the hamiltonian for the system given that ﬁe =r;—‘z S
b) The electron startsout in aspin statein the +X direction. Calculate the spin state as a function of time, that is calculate
( X+ (E) e—(%)foH(t')dt'
X- (t)
using this. Remember that you want to break things up into eigenkets before you can get eigenvalues)

) . Be careful since the time translation operator in thiscaseis U (t, tg) = (Hint: Be very careful

¢) Find the probability of getting +—2h if you measure 8. Then use this to find the minimum By required to force a
complete spinflipin .

5) For the potential below

a) calculate the transmission coefficient for the n=0 and n=1 states to penetrate through one of the barriers. Use for the
energy, the energy of the n=1 state calculated using the WKB approximation.

b) Then assume E =fw ; L=10fm (1fm = 10"1° m); a=2 fm; mc?=100 MeV; V=500 MeV and calculate the lifetime of

the state. Remember 2c=200 MeV fm so we can calculate iw. E=fiw —» w = %= %
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-a 0 L L+a
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Integrate[Sgrt[b — d * x], x]

~ 2(b-dx)%?
3d

Herearesomeconstants:
1fm=10""m
fic=200MeV -fm
f=1.05457148x 10~ J -s= 6.5821 x 10" eV -5
c=3x108m/s
leV =1.6x107°J

me*
R=——=136¢eV

2#2
h2
&= me?
e 1
T hc 137

Hereisthetaylor series.
h2
fx+h)y=fX)+hf'(xX) + E f ..
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35. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL
AND d FUNCTIONS

Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —/8/15. Not
1 — my
1/2x1/2 N 5 0 {3 /
+ YV =,/ 08 5/2
=4/ -—cosl 2X1/2 ! m
iz +12] 2l o o 1 [ dm / +5/2) 5/2 32 L
+1/2 —1/2|1/2 1/2] 1 T 2 +1/2]  afp3r2+43/2
— —1/20 '
1/2 +41/2]1/21/2p-1 vi= _V = sin 6§ e%? +2 —1/2| 1/5 a/5| s/2 372
I_sz_lfz +1 +1/2| 4/5-1/5}+1/2 +1/2
0 [ /3 9 1 +1-1/2| 2/5 3/5] s/2
Yy = \’ 4_,(5 05”6 — 3) 0+1/2| 3/5 —2/5)-1/2
1 X 1/2 3/2 : - 0-1/2 3/5
+3/2f 3/2 1/2 13 = /
xo+22f a2 +1/2 Y =- |22 sinfcos 0 ei® L2 ] 25
[ BT - ’ 2 -
+1-1/2| 1/2 2/3] 3/2 1/2 V& 3/2x1/2 L b 1
0+1/2] 2/3 -1/3}-1/2-1/2 1 15 2
V2 = = [ 22 gin2 g e2i0 22 2] il+1 +1
0o-1/2| 2/3 /3] 3/2] 12 — 4V o - - > ;
-1 +1/2| 1/3 -2/3]-3/2 = +3/2 —1/2|1/4 3/4) 2
ax1]| 3 I +1/2 +1/2 |3/4-1/a] o
X -1-1/2 1 5/2
+3 2 ] 3/2 X1 +s5/2l 5/2 3/2 +1/2 -1/2(1/2 1,
- ’ -1/ /2|12 —
[z +1] 1)+2 +2 [Fr ] i|+a/2 432 1/2 +1/2]1/2 -1,
+2 0(1/3 2/3 3 2 1 +3/2 o 2/5 13/5] 5/2 3/2 1/2 -1/2 -1
+1 +1|2/3 -1/3 +1 +1 +1 +1/2 +1| 3/5 —2/5+1/2 +1/2 +1/2 —-3/2 41,
p— +2 -1|1/15 1/3 3/5 +3/2-111/10 2/5 1/2
1X1 2 +1 0|8/15 1/6-3/10 3 2 1 +1/2 ol 3/5 1/15 -1/3] s5/2 3/2 1/2
21 2 11 po+1| 2/5 -1/2 1/10] o 0 0 —1/2+1|3/10 -8/15  1/6[-1/2 -1/2 —-1/2
4141 1]+1 +1
I +1 -1|1/5 1/2 3/10 +1/2 =1|3/10 8/15 1/6 ju
+1 of1/2 1/2] 2 1 © 0 0/|3/5 0 —2/5 3 2 1 -1/2 0| 3/5 —1/15 —-1/3] 4§
o+1l1/2-1/2) o o 0 -1 +1|1/5 =1/2 3/10] -1 -1 -1 —3/2 41 (1/10 —2/5 1.2}
+1-1|1/6 1/2 1/3 0-1| 2/5 1/2 1/10 -1/2-1
0 0z2/3 o-1/2] 2 1 -1 of8/15 —-1/6-3/10] 2 2 —-3/2 0] 1
-1 +1|1/6 -1/2 1/3]-1 -1 __ -2 +1|1/15 -1/3 3/5] -2 -2
o-1[|1/2 1/z2] 2 —-1-1|2/3 1/2] 3 :
Y, = (-1 -1 ofi/z-1/2 -2 -2 0/1/3-2/3}-3 {1 jomima
: 1 ; 47 —2-1] 1 1
|-1-1] 1 d-fn{) v T Y{m €—:mr‘> I _ (—ljj_"?l

1
ThefollowingismissingintheCG tables Y = ——

Vix

Reminder sfromfirst quarter

R 1 0 R 01, . 0 —i

"Z=(o —1) "X=(1 o) "y=(i ol)

eigenketsofézare(cl))and(cl)) . eigenketsof S, are %(ill); eigenketsofé;yare%(_l.)
A . 01 A 00

St =f‘(o o) S- =f‘(1 o)
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Hydrogen atom
B ~ . ZzR
(nism|HoInigm) = En = - 55
Here are the first set of wave function in spectroscopic notation where the notation 1s means n=1, =0
remember: s; 1=0 p: |=1d: 1=2f: =3 ...

2
1s ¢i00 = 27 € 720 Y0

2 r ) 0

— 2 It/ m
2p $21m = \/5(260)3/2 280 € aOYl

3s @300 = —3(2;))3/2 [3 -2 % +2 (%)Z] e /20 Y0

__4v2 r 1/ m
3p ‘P31m - 9(330)3/2 %[1_ E]e aOYl

_ 2v2 o 2 —r/ m
3d @pm = 27V5 Bag 2 (ao) ey,

Particlein aninvitepotential well

- 2 (nnx) . n? #? 2 L2 tor 0 .
X) = — Sn| —— = , =1 2, ...10r < X<
#n VT L "7 omL2

WKB:

For a configuration as shown below the transmission probability in the WKB approximation is

T=exp(-2’ ?Zxafx) where k=/ it—;“ VX)-E) 0
T:exp(—zfx’;zalx,/ il—m V) -B))

where Xg, X3, and X, arethe classical turning points, so E= V(x), i.e. V(Xg) = V(X1) = V(%) = E .The energies
allowed in the well will obey the condition

1 [x 1\ 2
27 JeV2ZME-V(X) dx=(n+3) 5

2
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/R

V(X)

Herearesome integralsyou may need.

1/2
1 f sin(marx) sin(nzrx) d X
0

Integrate/ Sin[m= Pi + X] = Sin[n= Pi = x], {X, 0, 1/2}]

ncos(”—z’r)sin(%) ) mcos(%)sin(”—z”)

mr-n?n mnr—-n2n

2 f\/a—bx d x

IntegratefSqrt[a— b x], X]

2(a-bx)?3?
3b




