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Spherical coordinates are a system of curvilinear coordinates that are natural fo
positions on a sphere or spheroid. Define # to be the azimuthal angle in the xy
the x-axis with () < # < 2m (denoted A when referred to as the longitude), ¢

polar angle from the z-axis with [} < ¢ < 7 (colatitude, equal to ¢ = 90° — ¢

the latitude), and r to be distance (radius) from a point to the origin.

Unfortunately, the convention in which the symbols # and tf; are reversed is fr
used, especially in physics, leading to unnecessary confusion. The symbol ji is:

also used in place of r. Arfken (1985) uses II:T, qﬂa, E:Il , whereas Beyer (1987) use

Be very careful when consulting the literature.

In this work, the symbols for the azimuth, zenith, and radial coordinates are tal

and r, respectively (Zwillinger 1985, pp. 297-298). Note that this definition pro»
extension of the usual polar coordinates notation, with L) remaining the angle ir
and ¢ becoming the angle out of the plane.

ro= el +y®+ 22
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g = tan ! (E)
xr
el @
5 — sin? (_v’“ ) — ot (2),
™ ™

where 1 € [0, 00)
T
u

-
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,8€[0,27), and ¢ € [0,7]. In terms of Cartesian coordir
reosfsing
rsin #sin g

T C0s .

The scale factors are

so the metric coefficients are

The line element is

the area element

hy = 1
ha = rsin ¢
h,ﬁ = T,
Hrr = 1
gao = r?sin® ¢
St = .

ds = dri +rdp¢ + rsingdd e,

da =’ singp dfdo ¥,

and the volume element

The Jacobian is

AV = v sin o dep df dr-.

d(x,y, z)

a(r,6,9)

= r?|sing]|.

The position vector is
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so the unit vectors are

dr [ cos 8 sin ¢
r = E—i: sinf sin ¢

EI | cosg
X dr [ —sing
= |d_i|= cosd

9 0

dr cosf cos o

d = 9@ — | sinfcos o]
dr :
% —sing

oF

=10

or

o8

i

or

a

T =0

ar

e [ — sin#sin ¢

% = cosH sin ¢ =5i11¢§
I 0
[ — cosd

% = —sinf =—¢xm¢‘i’_ﬁh1¢f
.0

o [ —sinfcose

‘%’ = cosf cos o =<1}H¢§
I 0

. [ cosé

.E = sin f cos ¢ =‘E’

(346 I — gin ¢

L]

B

o

@ —_—

d
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— cosfsing
—sinfsing | = —1.
— CO8
The gradient is
. d 1.0 1 .4
l=F— + —¢p— 6—.
v r{'}r+r¢{'3¢+rai11¢ a8’
SO
?rf = ﬂ
V.6 =0
Vep = 0
Ve = Snob 1,
rsing  r
. cose ¢ + sing £ tgh- 1
Ve = — :f:q'.'). Hmér:—ﬂqb——r
T sin g r r
. b1 N
Vagp = txmrﬁqb:—:mtrﬁﬂ.

T 8in g r
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Now, since the connection coefficients are given by F;'ﬁ: = X; - {Tkij:ll,

0 L0
" = 00 0
() cote
o 1
1—@ — G_rutﬁa
0 0 0
[0 0 0
= 0-L 0
[0 0 -1

The divergence is
7 — Ak k f

T T T I a8 I
= [AT + (T7, A" + Tj A" + T7,_AY]
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+[*"‘1?9 + (T8 A" +T5,A% + TEEA“’}]
+[A% + (T8, AT 4+ T5, A% + TS, A%)]
— 1 84" aA* gA%
=% t et e T(0+0+0)
+ (}_A’”+{l+¥flf’) + (LA™ +0+0)
— 8 Ar 2 qr a ] cot
= 5 AT+ 2AT + e AT+ 155 A0 + R A9,
or, in vector notation,
2 d 18 cotg 1 OF
F = |-+ — | F. -— F —
v (r+t':}r) +(rt’:}¢+ r ) lirkz-sinr;’;t':}ﬂ?
19, , 10, 1 OF
= ——(r<F, _— F .
r? t';)f.r'{r )+ rsin ¢8¢{m11¢ #) + rsing O
The covariant derivatives are given by
1 04; :
b= —L — T8 A,
T gk Oz,
SO
DA, : DA,
Apyr = z _r:-r‘q'i = a_
: or or
1 dA, : 1 94,
Ario rsing o4 7 rsing 00 rée
_ 1 04, A
~ rsing d¢ r
1 azﬁlr 1 aﬂr i)
o= = TP A =—2"" _T% A4
‘q‘ﬂﬁb - a¢ gt r a¢ f
1 /8A,
= - A
r ( a¢ ‘*’)
A4, : dAy
' = — = '["I. A = —
AE,‘I‘ E}r G4 E}T
Agp = reing 98 — I'gpA;
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mln ¢EJA9<'JE —~T9 Ay — Thed,
- fra-;illltﬁ; 85;3 * m:éﬂd’ + %
Agy = %%—FLA,‘-%
Agy = % T A = "}ff’
Agn = rz-;ilnqia'% oo i = ﬁ% — T3
_ 1 A, _cot :35‘%
rsing Of r
App = %{i}% —T4ud; = %% - T5.A,

The commutation coefficients are given by

NNy - S P o - S v -
Cogfh = [€a, 8] = Vaés — Vaéa

(3 ¥ <E

S0 €. =gy = g, =0, where a =1,0,¢.

[r,8] = _[gf-]=vré_vgf=n_l§= _lﬁ
r r
so -r:gg = —f:gq_ = —%, ey = f:fg =1.
- — 1-
.81 = -5 =0- 1h= 15
SO {:fﬁ = —{::T =1

[l??.. (E:] = —[rI)E?] = }_out 8 — 0 = %out $6,

SO
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.r:g‘fJ = —{:3;9= }_uﬂt ih.
Summarizing,
(000
e’ = 000
000
[0 -1 0
¢ = % 0 %tx}ttﬁi
'U—:—_u}tqi 0
-'U'U—%
& = 1000
10 0

Time derivatives of the position vector are
[ cos#sing ¢ — rsinf sin :,'bﬂ + reosfeos :;‘;:,'b
I = | sinfsing# + rcosfsingd + rsinbeosd ¢
Cos T — frz-sianaci.a

[ cos fsin o —sinf | cosfcosg |
= (sinfsing [ r4+rsing | cosf [ @ +r | sinfcosg | ¢
Cos ¢ 0 — 8in ¢

= i +rsingfO +r oo

The speed is therefore given by

v= | = \/7"‘3 + r2sin® ¢f? + r2¢2.

The acceleration is

F = (—sinfsin rﬁaér" + eosf cos q‘faf'tﬁ.i + cos # sin ¢F)
— (sin @sin @8 + r cos @ sin ¢82 + rsinf cos pdoh
+rsin #sin ¢f) + (cos B cos dig — r sin 8 cosB
—rcosf sin tﬁitﬁiz +reosfcos qﬁq‘#}
= —2sinf sin 98r + 2 cos f cos i — 2r sin B cos phd

+ cos # sin ¢F — rai:133i11¢5§+ rcost cos :;’;:35
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— rcos B sin p(6% + §?)
ij = (sinfsingi + rcosfsin ¢d + r cos ¢ sin )
+ (cos#sin :;57'5 — r&in#f sin :ﬁﬂﬁ.'z + reosf cos ¢E¢
+rcosf sin :ﬁ;ﬂ} + (sin # cos :;iafi'tﬁa + 7 cosfeos :355:;5
—rsin @sin ¢g? + rsin B cos :MJ}
= 2cosfsin p + 2sinf cos ¢prd + 2r cos B cos P
+ sinf sin ¢F + r cos fsin ¢§+ rsin # cos :ﬁw‘fﬁ
—rsin @sin :ﬁa{ﬂg’ + ¢.a}
i = (cos i — sin ¢rd) — (Fsin g¢ + rcospg® + rsingg)
= —rcosgd? + cos ¢F — 2sin ddpt — r sin b

Plugging these in gives

_ cos B sin ¢
T = (f—=r¢?) | sinfsing
COsS g
= = am _Hillﬂ
+(2rcos g + rsingf) | cosd
0
_ | cosfeosg | cost
+(2¢¢ + r¢) | sinfeosg | — rsingf? | sind |,
— sin ¢ 0
but
) [ cosfsin? ¢ + cosf cos? ¢
sin gt +cosgpp = | sinfsin® ¢ + sin Heos®
L 0
[ cos 6
= 1sinf |,
| 0
so
r =
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(¥ — rd®) ¥ + (2r cos @ + 2sin ¢fF + rsin ¢d)@
+(2¢ + 1) — rsin @87 (sin ¢f + cos Pgh)

= (¥ — r¢® — rsin® p6%)i
+(2sin @i + 2r cos ¢ + rsin ¢F)0

+{2f‘¢3 + rg — rsingcos ¢B‘E}(:b

Time derivatives of the unit vectors are

. [ —sin#sin ¢ 8 + cosf cos o o
T = <xmﬂai11¢§+ai1}ﬂum¢¢.5 = sin ¢ 80 + e
L —sing ¢
. — cos 06 _ cos# _ A
B = | —singh | = =0 | sinf | = —f(sin ¢F + cos )
L0 0
. [—sinfcosgd — cosfsin d d _ B
¢ = txmﬂumq#é—ﬂilllﬂaimﬁatﬁa = —gr + cos phf.
L —Ccosg
The curl is

VxF =k [&singFy) - 2|

+ 1 [y 2 - 2(rFy)| b+ 1 [2(Fs) - %] b

The Laplacian is

1bF"ZEIE}("ZE})+ ! ,';}'-3+ ! a(ainqﬁi)

r2 or r ar r2 sinZ ¢ 062 Tzﬁiné% 9o
1/, 0° a 1 a2 1 P .
=3 (r-!a? + Erq) + 7 sin? 06 + e g (t:(m:j;a— + sin

20 1 a° cos¢p 0 1 07
S o 2’08  Psngds R OF

The vector Laplacian in spherical coordinates is given by
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Viv=[].

To express partial derivatives with respect to Cartesian axes in terms of partial
the spherical coordinates,

T [ cos @ sin ¢
y| = | reinfsing
z | | rcosg
dr | [ cos @sin ¢ dr — rsinfsin g df + reosd cos pdg
dy | = | sinfsingdr + rsingcos@df + rsinf cos ¢ dg
dz | I cos g dr — rsin ¢ di
[cosfsing —rsinfsin ¢ recosf cos ¢ dr
= | ginfsing rsingceosd rsinf cosg df
oS8 o 0 — sin o di

Upon inversion, the result is

dr cosfsing sinfsing cosg de
sin & coa

de = T rsing s B {] d’-’!

d¢ cos oo ¢ sim # cos @ __sing iz
™ ™ T

The Cartesian partial derivatives in spherical coordinates are therefore
9 _9rd %0 09
Or  Odrdr Oz 08 Oz do
_ ., 0 _ sinf d cosfeosg O
= timﬂﬂﬂl¢§ rsinqbﬁ-'-f%
0 _9rd 980 00
dy dydr  yal  dyde
o ., 0 cosf 8 sinfcosg O
= mll&m1¢E+r—ﬁ11¢ﬁ+—r 30
0 _ord 0990 949
Oz dzOr 0208 0z 8¢

0 sing 9
ar r 09

= cosg

(Gasiorowicz 1974, pp. 167-168).
The Helmholtz differential equation is separable in spherical coordinates.

SEE ALSO: Azimuth, Colatitude, Great Circle, Helmholtz Differential Equation--Spl
Coordinates, Latitude, Longitude, Oblate Spheroidal Coordinates, Prolate Sphert
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Coordinates, Zenith
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