Notes for Quantum Mechanics

Richard Seto

Date[]

{2004, 11, 23, 11, 31, 28.3195952}

Essential Mathematica for Students of Science © James J. Kelly, 1998



2 gm30.nb

Lecture 30
The Zeeman effect as a review of perturbation theory and CG coefs

If one puts an atom in a magnetic field it will change the energy levels. This is called the Zeeman effect. The change or
perturbation in the hamiltonian is -zz-B. Now since we have both orbital angular momentum and spin - both will contribute
to the magnetic moment so

H' = —(m +1s)-B.
We will assume it is small and calculation the change in energy using perturbation theory, i.e.

En =(H ')nn:< [A |>. Now one of the questions that comes about is what eigenfunctions (e.g. |j, mj) or Im; ms)) should be
used. The answer is that we should use the set that are the "best" ones. We will see what this means in a moment.

Now if you remember fig= ﬁc—é and ﬁ'-:z__n?c L. The spin magnetic moment is different in form by a factor of two

because of the anomalous magnetic moment (a "g factor” of 2) . Lets let the B field be in the z direction so that
N i A A _ & a A
H' = o (L, +2S,)B; = — (J; +S;)

Now since our "original Hamiltonian" in this case was Ho+Hgo we will use the n, I,'s, j, m;) as the relevant "best kets"
to use. Later we will see a case where the | m; mg) states are better

eB;

Perturbation theory tells us to figure out (nlsjm | H'| nlsjm;) = =

(nisjm; | 3, + S, | nlsjm ;)=
= =% (nisjm; | 3, +$, | nlsjm;) =

eB;

= [Aimj+(nlsjm; | S; | nisjm;)] where I have been careful to label the m;

But now how do we figure out (nlsjmj 1S, | nIsjmj) since | nlsjmj> is not an eigenket of §,77?
We know how to do this. We can expand | nlsjmj> in terms of | nls m; mg) using the C-G coefficients.

Lets use a notation where CG(ls; j m;, m; ms) stands for the CG coefficient crisping I®se.g. 1® % (note that in regular
notation CG(ls; j mj, my mg)=(nlsmy ms | nlsjm;) = (nlsjm; | nlsm; ms) )

I nIsjm )=, X | nlsmyms) (nlsmy ms | nlsjmp)= 3, 3, CG(Is; j mj, mp ms) | nlsmyms)

M j=m| +mg

remember mj = m; +m,

(nisjm; | S; [nIsjm;)=S, Smg Sy ZmgCG(Is; j mj, my* mg') CG(Is; jmj, my mg)(nlsmy* ms'| S, | nlsmy m)=
Mj=mp+ms Mj'=mj"+mg'

Sy Zimg Zimy Zmg iMsCG(Is; j mj, m mg) CG(Is; jmj, mi" mg)nlsm;* mg” | nls my m)=
Mj=mj+ms Mj'=m'+mg’
Sy Zmg Ly Zimg #MsCG(Is; j mj, my mg) CG(Is; j mj, My Mg ) my Smg’ms =
Mj=mp+mg Mj'=m'+mg’
S ZmgmMsCG(ls; jmj, my ms )2
M j=m|+mg
[Aside for graduate school: Using something which we don't know called the Wigner-Eckart theorem we will find that for

mjh

s=2,ie j=1+2weget (nisjm; | S, | nisjm;)= +—= we can use this to check the answer we get]
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Now let a choose a particular case. For example lets let I=2, then j = % or % Lets choose | = % Now also choose

mj = E
[Aside: The correct answer from the Wigner -Eckart theorem is —% f/(2-2+1)=- l—loh The minus sign comes in

because j =1 2]
Now from our work we know that
(nlsjmj 1S, | nlsjmj>=zrnI stthCG(ls; jmj, my ms)?. We have chosen j = % mj= % Lets see what values of m; and

M j=m|+mg

ms can be used. We have two possibilities. Either m=1 and ms = ‘71 or m=0 and ms = %

It may be easier to expand the ket first
= -1 ;_3 _ 1\ [3 - =1 = _ -1y /2 = =1 = =
|nll_258_31J_Ei mj_2>_ 5 |n||—215—2|m|_11m5_ 2> 5 |n1|_215—21m|_01m5_

So we can write this expansion out

n2l2 %):h%(_\/?)zé(\/g)2= > 2 -2 3= =% andthe answer checks!

N[~
N

A

Sz

1 3 1
(h23 33
So finally

(nlsjm | H'| nisjm;) = %[mﬁzml TmgMsCG(Is; jmj, m; m)2
M j=mj+mg

1

So the answer for 1=2s= 2 j= 2 m;= > s

(H"Y = %— EhmBCZ Now this number is not exact since the eigenkets | nIsjmj> are not eigenkets of §, butitis the first
order correction to the energy. (In fact, its may be better to think of it as a pseudo-second order correction since we
already made an approx in the case of S-O coupling) One hopes that the next order is much smaller.

The Strong field zeeman effect

So far we have assumed that the Zeeman effect is smaller than the spin-orbit coupling. Suppose we have a very strong
field where the Zeeman effect becomes much larger than the S-O coupling. Then its better to treat the eigenkets we use as
the eigenkets best suited for .

Ho+H zeeman and then treat Hsg as the perturbation H*
Now since the eigenkets | nlsjmj> or | nlsm; mg) are eigenkets for Hg but only the | nlsm; mg) are eigenkets of

H zeeman  We will choose | nlsm; ms). (In this case, we have not made an approx. A zeeman has no r% term to mess us up so
writing out the Hamiltonian

[I3|0+%Z (L, +2°S,)1 | nismy mgy =E | nlsm; m)

Z°R  ehB
Enmms = — 2t mcz (mp+2ms)
. . ~ e2 a2 A2 A2y .
The Correction from the perturbation Hso = ——— (J°-L°-S7)|isnow

(nlsmymg | H' | nlsm, ms)=4—n:"227<nlsm| ms | mze% (52 B (S 2) | nlsm; mg)=

%Wsml ms | 5 (F*-10+1n? - 2 72) | nism; mg)
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and if we split up the radial and angular parts we get

2 2
JT@(”'S”" m | ri3 | nlsmy mg)[{nlsmy mg | 37 | nlsmy mg)—I(l + 1) 72 — % #?|=
We recall from QM28 that

(nisjm | = Inlsjm)= [[*R*n(r) 5 Ru(r) r2 d'r = 1

————=——— 50 we have
I(1+3 ) (+1)n3 ag3

N 232
(nlsmy mg | H' | nlsmy mg) =-=7 L

1 22 31—
ST TR [ p (nIsmymg | 3% | nlsmy mg) —1(1 + 1) 2=

Ena2 1 1 a2 3
A == (nlsmms|J" | nlsmmg)—ll+1)— =
2n I(I+%)(I+1) [hz ( 1ms [ ! S> ( ) 4]

2 2 2 2

. 7 Ra' Epa

note that : —Srr—s = ==
4m2¢2n3 a03 2n3 2n

Now | nlsm; mg) is not an eigenket of 3% so once again, we had better expand
| nlsm, ms>=2j2mj | nlsjmj><nlsjmj | nlsmy mg)=3; ij CG(ls; j mj, m; mg) | nlsjmj>
mj=m|+ms
now there is no sum of m; because mMj-y, +ms; and m; and ms are given
h%{nlsm. mq | 32 | nlsm, ms>:hi2 i

3 CG(s; j'mj', m m)CG(ls; jmj, my ms)<nlsjmj|j2 | nlsjm;)
Mj'=m|'+mg Mj=mj+mg
= ZJ

Mj=m|+mg

CG(Is; jmj, m me)?j(j+1)

Once again lets pick 1=2 so we know that I=2, s = % we now need to pick in this case m; and mg

Lets pick m=-1 ms = % Now this means that m; = —1 + % = ;21_ j can be either % or %
It might be easier to just think of expanding the ket first

[nl=2s=21%

Lmi=-1mg=2)=\/Z |nl=25=1]

_5 -1\ /3 —9g=1ji_3m -1
=y i=om= 2>\/5 |nI_25_2 J=5mj= 2>
1 a2 _([ZV 5 (5 [3\°3(3 23 , 315 _ 115 _ 23
h—2<n|3m|m5|\] |n|3m|ms>—( E) E(E+l)+(— g) E(E-'-l) ET+ET—E T
so finally

Yy Ep o? 1 1 432 3
nlsmymg | H' | nlsmy mg)=—0— ———=——| = (nlsmymg | J* | nlsmymg) =I(1 + 1) - =
{ ° = |(|+%)(|+1)lh2< ° J 4]
_ Epa? 1
~ 2n

1 =\ _ 3|2 Ene® 1g_g1=_Enc® L
2(2+%)(2+1)I 4 2@2+1) 4‘_ 2n 15[5 6]= 2n 15
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