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Lecture 27
The hydrogen atom
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I would like now to get to the radial part of the wave eqn in 3D in a different way. Lets first look at the relationship 
between L

` 2
 and p̀2. 

Some identities first (you can prove them if you want)
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Now remembering (from QM25work)
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Now I would like to adopt Liboff's notation and call 
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So now we write the Schrodinger eqn with some potential V(r) in the position representation as 
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We want to look for eigenfuctions and eigenvalues and V(r) is spherically symmetric and H
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Further we can write Xx †nlm\ = Xr, q, f †nlm\ = RnlHrL Yl
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This is the radial wave eqn. We have already done the hard part of the q and f coordinates. 

We can solve this thing for all kinds of V(r). i.e. V(r)=0 just gives us a free particle in 3D. V(r)= box potential is the 
analog of a particle in a box etc. But lets go straight to the Hydrogen atom. What is the picture?  In its simplest form we 

2 qm27.nb

Essential Mathematica for Students of Science © James J. Kelly, 1998



can just think of a very heavy proton with an electron. Since the protons is ~2000 times heavier than an electron we can 
effectively think of it as infinitely heavy. If you dont like this just think of m as the reduces mass of the proton and 
election i.e. 1ÅÅÅÅÅ

m
= 1ÅÅÅÅÅÅÅÅ

me
+ 1ÅÅÅÅÅÅÅÅÅ

mp
. The potential is just a coulomb potential

V HrL = -Z  e2
ÅÅÅÅÅÅÅ
r

  We leave the factor of Z in there to deal with a 1 electron atom of heavier things. Later we will work our 
way up to 2 electron atoms etc. Now we want to think of bound states so E is negative. (remember -13.6 eV?)

 So we have
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OK. Its painful but we have to solve this. I wont do it. I will just give you the solution
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Now let me define some things:  

the Bohr radius a0 = Ñ2
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The Rydberg constant = me4
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2 Ñ2 = 13.6 eV
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Ñ2     l2 = Z2 ÅÅÅÅÅÅÅ»E»  and r=2kr  which will be our radial variable for now so u is now u(r)

The radial eqn can now be written
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The solutions are 

uHrL = e-rê2 rl+1 FnlHrL  where  the Fnl are the Laguerre Polynomials.

and l must be an integer n   with l § n-1   (that is a el+1)  hence we have 

En = - » En »=- Z2  ÅÅÅÅÅÅÅÅÅÅÅÅ
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 Now the wave functions must be normalized.  We remember that the element for  3D is r2 dcosq df  wo this means

 Ÿ0
¶ » RnlHrL »2 r2 „ r = 1

 After all that we will get

Xx †nlm\ = H2 kL3ê2 Anl rl e-rê2 FnlHrL Yl
mHq, fL

n=1,2,3...   l=0,1,2...n-1   m=-l,....+1

For example 

Xx †n = 1 l = 0 m = 0\ = y100 = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!8 p
 J 2 ZÅÅÅÅÅÅÅÅ
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N3ê2

 e-HZêa0L r  The ground state of hydrogen. 

The energy is En =- Z2  ÅÅÅÅÅÅÅÅÅÅÅÅ
n2   = -Z2        or -13.6 eV for Z=1
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Here are the first set of wave function in spectroscopic notation where the notation 1s  means n=1, l=0

remember: s: l=0  p: l=1 d: l=2 f: l=3 ...
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Degeneracies 
We  see that for any particular n, there are many values of l and m that are OK, i.e. there are ⁄l=0

n-1 H2 l + 1L states, so for 
instance for the n=2 state, we have 1 l=0 state and 3 l=1 states =4 total and so on. So this means that there are several 
states which have the same energy. I.e. there are degeneracies. We will see in the next lecture about how part of this 
degeneracy is actually not there since we dont quite have the right hamiltonian. These degeneracies also mean that for 
many electron atoms, the various states can mix and we do not have to use the eigenfuctions Xx†nlm\ but we can choose 
any linear combination of those with the same energy. This leads to things like hybridization and the formation of 
molecules. 

Some pictures

                                  Energy 
Levels

 E = 0 
E = -1/16 
E = -1/9 

E = -1 

E = -1/4 

l = 0  (s) l = 1  (p) l = 2  (d) l = 3  (f) 

1s 

2s 2p 

3p 3s 
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Radial wave functions in units of a0 n = 1 HgreenL n = 1 HblueL n = 2 HredL

                   Probablility distribution of n=10, L=0
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