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Lecture 26
Addition of Angular Momentum

Now | would like to talk about the addition of angular momentum. This will bring in one of the most important (and |
think least understood) thingsin QM - that of the equivalence of different sets of eigenkets to describe a system. We have
aready seen this when we saw that we were free to choose the S, or S, basis, or the position or momentum basis. Now we
will use what Liboff callsthe uncoupled or coupled representation. (I don't like this differentiation)

Thiswill lead to the Clebsch -Gordon Coefficients. | will not go through the process of showing you how these are
calculated (I leave that for graduate school) but | want to show you what it means to add angular momentum - and viathe
Clebsch Gordon tables - show you practically how it is done and is used.

Remember | told you that we would have to be putting together the spacial part of the wave function - the thing we
denoted in position representation as (x'|a) and spin - which we denoted as (+|a) or {-|a). To be clear about it we often
¢'+(X))

sometimes use a hybrid notation since matrix representation tends to be good for spin and we write it as ( V(%)

We will get to thislater.

Lets start with asimple example - that of adding two spins together. | will then go into a more general explanation of
adding any two angular momentatogether - in particular orbital and spin angular momentum.

Let usthink about two electrons with spin % . Wenow need to denotethemwitha 1 or 2 for electron 1 and electron 2. (this
will become avery important point later and lead us into the pauli exclusion principle). In any case we will denote the spin
operators for the two electrons $; and ;. We denote the total spin as 5=5,+5,.

Aside: Technically these things are actually two different hilbert spaces so using a funny notation we would
formally write 5=5, ® 1+1®5,. The base kets for the two electron state can be written [+1, +5) = |+); ® |+),
where the first space stands for electron 1 and the second for electron 2. The rotation operator around z is
exp(=i J,¢/%) wherenow J=5®1+1®S, andS; and S, only operate on their designated spaces.

Thisis important since when we make J=L+Swewould havetowrite J=( ® 1+1®8 where thefirst 1 has

the two admissions of spin space and the second 1 has the infinite dimensions of orbital angular momentum

space. These ideas also make it clear that the sum of two angular momentum operators make up another angular
momentum operator . We can also write the rotation operator in this case as

exp(—i 3, ¢/n) =exp(-i L, ¢ /1) @exp(~i S, ¢ /1)
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We have of course [S;, S1y]=i%S;, and the samefor y and z, and for electron 2. BUT we also now have

EFES) y]=0. Operators operating on two different hilbert spaces commute. (suppose you were giving directions to two
different cars. It doesn't matter if you tell one to turn left and then the other to turn right, or vice-versa)

After defining 5=5,+5, wehave S, §]=i% S,
proof: [éx: éy]:lélx; é1y]+|§2xy ézy]:ih élz+ih észihéz

The eigenvalues are &~ = (S + S)z - S(s+1)#2 (thisisthe definition of ssince Sisatype of orbital angular
momentum. It DOESNOT means==5; + S,

§=8,+%,-omh §,-omh &, omn S oss DR & s+ R
we know since we areaworking with electronsthat s, = s, = % and my and my aret%
Now comes a question. We have a 6 operators available to specify the state. Their eigenvalues are

S, S1, S, Sz S1,, S, How many do we need to specify? We might guess that since we are using atype of angular
momentum S=J. then we can specify two. i.e. sand mand we already know s; = s, = % since we are working with 2
electrons. Can we also specify my , and my,. It will turn out we cannot. We have two choices.

1) Specify the eigenvaluesof & &, &,°and &,° OR
2) Specify the eigenvaluesof &, &, &°and &,°

Where we are thinking about adding angular momentum and spini.e. J=[+S we can specify either :
1) the eigenvalues of J° 3, (’and & OR

2) the eigenvalues of L4, 8, [%and &

These are two different basis. We can choose either one.

Y ou note that in both cases we specify (’and & Typically we leave those off in lots of notation and this gets
confusing

Lets get back to 2 spins. How can we make the relevant kets> First the kets which specify the values of §,and S,
are|my) = |+) and |mp)=|+) . We can easily make the kets which are the two electron kets specifying these

My Mp)=[My) (Mp) - 9. [++) = [+)1 [+)2. Theremust be 4 of these [++) |+-) |- +) |- -)

But how can we make the one specifying g 5,7

We can guess first that the maximum value of scan be 1, i.e. the sum of % + % We might guess the same for mi.e.
Mmax = 1 so thiswould give us

[s=1, m=1)=|m =+, mp =+) ( Got the notation??? | will write |my =+, mp =+) as |++) It isalso written sometimes
as |my =+ % m =+ %) ) As before we can get at |east some of the rest by using the lowering operator.

§.=5.+%. Thiswill giveuspractice. Remember J. |j, m) =aV(jFm (jtm+1) |j, m=1)

8 |s=1, m=1)=(5. + S )|++) =

For clarity | will rewritethis  S_|s=1, m=1)=(5;- + S, ) |s; = % m=+ , S = % mp=+) So then we get
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Sis=1,m=1)=§_ [++) +S,_ |[++) =
1 1

VA+DA-1+ DIt m=0=/ (2 + ) (2 - L+ 1) 0+ J(2+ 3) (3 - L2+ )1+ 0)

-0 =L - Ay i i i
ISLm=0) = 7=+ + 7+ Doing this again we get
|s=1, m=-1)=|- -) That'sthree, and to get the last one we look for one that is orthogonal to the other three

|s=0,m=0) = %L +) Lets summarize these since we will need them

1
Wl+_>_
|s=1,m=1) = |++)
Is=1,m=0)= - |-+)+ = |+-) 1 triplet
|s=1l,m=-1=|-—)

| s=0,m=0) = s=0 singlet

1 1
WH")' W|_ +)

General look at addingangular momentum J = J; + J,

We will start with two anymore momentum operators and their sum J = J; + J,

Thisis the angular momentum operator of the entire system we are worried about. Since it hasto do with rotationsits
should also follow the commutation relations.

[3i, Jj1=inep I [31i, 31 j)=inep due [J2i, 3o =ik Ja BUT  [Jy5, J,1=0
dso[ 3%, 3120 [3:% 31020 [35° 32020 3.=3p, +3, =343,
Somin +3p Dhe4idy  dushicHdiy 3a=dach day
The rotation operator isexp(—i J,¢ /%) =exp(—i J1,¢/h) @exp(—i J2,¢/#) . ¢ isthe amount which isrotated and isthe
same for both 1 and 2.
We aso have the relationship [ 3%, 3,7

Proof: [ 3% 3,720 31°+ 357+ 3135+ 3,34, 3,7=

[jlza j12]‘*[ 322, jlz]"'[ 3132, j12]‘*[ J2 31,312]:

310 32, 3271+ 31, 31°1924320 31, 3171+ 32, 31719:=0

Now as before we have two options to specify the states

1) Specify the eigenvaluesof Ji, 3o, Ji° Jo° . These operators all commute with each other. We will denote these
statesas|j1 j2; My Mp)

3% 1jn Jai mump) = jaja + DA (1 j2i mymy)
32 i1 ios M) = ja(jo + D211 jo; mymy)
Jiz i1 j2; MMy = My 7aljg joi My my)
J2z li1 J2; Mump) =M 7l jg jo; My my)

2) Specify the eigenvaluesof 3% 3, J;° J,° . These operators all commute with each other. We will denote these
statesas | jy jz; J M)
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32 iz jm = e+ D2y jos jm)
322|j1j2; im) = ja(jo+ 1) A2|j1 jo; jm)
Plivia im = j(+ D721 iz jm)

Jzlj1 iz Jmy = maljyja; jm)

Now again since we need this often | will rewrite it in the notation that drops j; and j»
j = jl + jz

1) Jylmmy) =myhlmymyp)
o, IMy Mp) = mp 7| my M)
a2

2 Jjim=j+Drjm

Joljm = mi|jm

Now both of these sets of eigenkets span the space. That means there must be a unitary transformation which allows usto
go from one basis to another.

Weknow ¥ S, | M M) (my myl=1

| m>:2ml Zmz | m n12> (my mp| j My  So to go back and forth we need to find (my M| j m) These arethe
Clebsch-Gordon coefficients. Remember thereisan implied j; and j»

Nowm=m +mp proof:  J,-J1,-3,,=0

look at the combination (my mp| 3,-J1,-J5,im)=0 and allow the operator to work backwards we get m— m; — m,=0

Next we need to check the dimensionality of the space spanned by the two sets of eigenkets.
Its obvious that the my m, basis have adimensionality (2 j1 +1) (2 j» +1) sincem runsfor + j ..... — i

But if we do the same for the jm representation we will get too many. But if we think about the fact that Jis a vector then
wemight guessthat | j;— jo| < j < |1+ j2 Letscheck thedimensionality of such aspace. We will assume j1 = j,
N=X2@j+ D= 2{2(1 - 2 + U +[2(j1+ j) + 1} 2 2+ 1) = 21 + D2 j2+ 1) s0 aslong aswe have the
following - it works.
lja—Jal=i=lj1t+]2
Someothogonality conditions: TheC — G coefficientsform a unitary matrix —

and wetakethemto bereal. Thismeansthat theinverse coefficientsarethe samei.e. we have
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(immgmp) = (mymy [jm) Soweget
DUy my jm) (' My (M) = Sy g Oy

] m

DT mump [jm) (M) = 6 S
m M

DT mmp fjm) 2= 1

m m

Finally alast operator whichwewill need
J=L+8 whereSisspin

-

N 1,. N N
.S = 5 (Jz— LZ—SZ) Theeigenvauesare

z 3 |§
J(J+1)—I(I+1)—Z}{ " '
-1+ 5 forj=I=

forj=1+
> 1
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