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Lecture 24

Let's start with the fundamental commutator for angular momentum and get some of the properties of the eigenvalues.
Y ou will recognize the methods as similar to that which we used for spin and for the SHO

[3i, J;]=ineij i

Now define atotal angular momentum 3°=J,>+J y2+j 2

We can show [ 3%, Ji]=0

proof: for e.g. k=3

[3%, 307135+ 3,7+ 3.2, 30230 3y, 30+ 3w, 313543, 3y, 3+ 3y, 313,431 3, 30+ 32, 323~

Ix(-iR3)+(- 1 1) I+ Iy (i 13)+(i 1) I y+I( 0)+( 0)I =11y~ | A Ix+inIy I+ i 733 y=0

Now since J° and J ; commute we will choose them to be simultaneously diagonalized. We could have chosen any of

the J, but we typically choose k=3. We will see that this requirement of simultaneous diagonalization will be necessary
since some of the eigenvalues are degenerate. Let's call the eigenstate |a,b) where ais the eigenvalue of J 2

i.e. 3%laby=aab)y and bisthe eigenvalue of J, i.e. J,lab)=bjab). (Later we will more conveniently set these to
a=#? j(j + 1) andb = mA where j and m are integers) Now both J >and J 2 Will turn out to be observables so the eigenkets
|a,by are al orthogonal. (dont forget this)

Asin the case of spin and aso the SHO we will define

J. =J3,+iJy thenwe havethefollowing relations

Proof for the first of these.

lj+, j_]zljx +|jy,jx _ljy]:Ijx,Jxl'lljx ,jy]+|ljy, jx]+ jy,jy]:'|(|hjz)+|('|hjz):2hjz
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the second [J,, 3, 1513, 3 +13,1=135 3113, 3, | = 183 i(indy=th(tid,)=4h3.
2

>

and thethird |3, 3,1=[3%, 3, +iJ,]= 3%, 3,1=0+0 (from above)=0

Now with thislets see if we can figure out what J. |ab) is.

a

Since J,J.=3.3,+nd. J.d.lab)=(3. ;) la by + (7 J.)lab)y =J. bla b) £ 4 J.|ab) =(b+#)J.|ab)
sowehave J,( J. |a, b))=(bt#)(J.lab)) sotheeigenvaluefor J, of theket J.|ab)isb+hn SoJ. raisesor lowersthe
value of b by 7.

What about 3% 3°(3, |a, b))=d, 3%|a, b)=J, ala, b=aJ, la, b)) Sotheeigenvalueof J°isnot changed. Now there
will be some sort of normalization constant ¢ so we have that J. |a,b)=cla,b+#). Now lets see if we can figure out what
the values of aand b are. (We will get the normalization later)

First, lets prove that b? < a

103,3,7+3, 73022 (3,304 3.30) = 2 (0 +13y) (B -1y + (3 =1 3y) (3 +13y)| =
L3243 20,3y +13y 3+ 334374133y -3, 34| =324 3,2 = 525,

now letslet |)=J. ja, b) so(al=(abld. so (abld. I, la, b)=(ala)=0 —> any expectationvalueof J,' J, =0
now let|o)=J, 1a, by so(al=(abld, so (abld, J."la b)=(ala)=0 —> any expectation valueof J, J,' =0
= 0<(@abl 2(3,3,"+3,"3,) ;a by =(abd*- 3 jab = (@ba-b?lab=

(a-b?(a, bla,by=a-b’=0 = b’<a

This means that there must be some by such that J. |a, bma)=0 since J.. will just add and 7 to b, otherwise at some
point b% will end up greater than a.

Applying J_ weget J_J, |a, bna)=0also

3.3, =(3 —i3y) (3x +13y)=3.2+ 3,7 #1353y 13, 3,237 - 3,7+, 3,)=
3% = 3,54(i13,)=3° - 3,°-13,

So 0=3_3, [a, bua)=(3° = 3"~ 113,) 1, brex)=(a — Bina® = i Birx) [, i) SO

2 = BB + )

Similarly there must be some b, such that J_ [a, bmin)=0

Applying J, weget J,J_ |a, byin)=0 also

3,3 = (3x +13)) (3 -1 3y) 23,5+ 3,7 =133y +13, 3,237 - 3540134, 3,)=
3% 2 3,21(13,)=3° - 3,%+43,

So 0=3,3_[a, byin=(3% = 3,° + 1.3;) |3, Brin)=(a— byinZ + 7 byin) [2, bryin) SO

a = bryin(bmin — 72)

So putting the two together we get a = bax(Bmax + 7) = bBmin(bmin — %)  The solution to thisis that by = —bmax

Now you must be able to get from by, to bmax Using the raising operator and incementing b by h S0 biax = Brin + N7
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where N is an integer. Using bmin = —bmax We get -bmax= bmax — N7 s0 we get that

e now definej =212 = N and using a = b (ma + 1) = jh(jf+7) =72 j(j + 1)

So we get that j isinteger or half integer

We are now forced into a situation in which the angular momentum eigenvalues are 2 j(j + 1) wherej is either integer or
half-integer. The half integer things will be spin. Theinteger values will correspond to orbital angular momentum

Now thiswill all work if b=m# m=-j,-j+1,-j+2,...+] that isthere are 2j+1 states and we will call |a,b) — |j,m)
3%(j, m) = j(j+ D #%j,m) jisinteger or half integer

3z 1j, m) = malj,m) M=-j,j+1,42,... 4]

Now for good measureletsfind thenormalizationfor J. |j, m) assuming |j, m) iscorrectly normalized

let J.|j,m =c|j,m+1) wherecisthenormalizationconstant

1=(,m 3 3 jm=(j,mellj,meD == (j,mJI; I, [j, m =

Gom 3% =32 203,15, m) = #2[j(j + 1)+ mm+ D] (j, m j, m)s0
Jolim =aV(i+D=mm+D) [jm+1) =avV(iFm(tm+1) |j, m=1)

So we can summarize our logic.
1) We looked at rotations and define J as the "generator” or rotationsi.e. D(€)=1-ieJ
2) this gave us the commutations relationships for J

3) Thisleadsto the quantization of Jinto integer or half integer. i.e. we get spin!

Now we are going to use matrix notation to denote the eigenstates of angular momentum
S a2 . ..

GYm 3%, m) = G+ DA 6 Sem

(', M 3z 1j, m) = Mas; | Onrm

Gym 3l m =2V Fm (j£m+1) 6 mma

Now we can figure out the matrix elements of the rotation operator

B im(h, $)=(1", M exp(~+ 3-ng) (], m)

Now since the Jy all commutewith J° then D(p, ¢)=exp(—% J-n¢) commuteswith 3% so 3% D(A, ¢)lj,m)=

D(n, ¢) 3%j,my= D@, ¢) j(j + 1) #2l,m=j(j + 1) #2D®, $)lj,m) so D(n, #)lj,m) isan eigenket of 3° with the same
eigenvalue asj as|j,my = in simpleterms, rotations do not change the total angular momentum. They will however

change the z-component of angular momentum, i.e. the eigenvalues of J, This means that rotations cannot mix up
different values of j. So (j', m' exp(~ J-ne)|j, m will be ~§j

Now we will order the elements of our matrix by starting from the lowest value of j possible. Sincej has to be integer or

half integer then thelowest j = 2 and go through them valuesm = — 2, 2 thenext isj=1 and m=-1,0,1, then
j= % ,m= ;23_ ;21_ % % etc This of course goes on forever sincej is someinteger or half integer, with no limit. In

practice we will look at systems with a particular value of j, so the matrix notation can be useful
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The matrix below has an x in the non-zero elements

X X Ooooooooo oo o o

X X 0Ooooooooo oo o o

0o o0 X X xXx Ooooooaoo o o

0o o0 X X xXx Oooooooo o o

0O 0 X X X O0Oo0ooo0oooo o d

0O 0 000X X X X Oooood
0O 0 000X X X X Oooood
O 0 000X X X X Oooood
O 0 000X X X X Oooood
0o 0o o0oo6o0o0ooobf0xX X X X X
0O 0 o0oo0Do0ooDoboofb0XxX X X X X

Ooo0oooooobobxX X X X X

Ooo0ooooooboobxX X X X X

Ooooooooboofb0x X X X X




