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Lecture 11

Lets now try doing a calculation with what we have learned. First lets just put an electron in amagnetic field and then
figure out what the potential energy from the spin-magnetic field interaction is.

First we know that U=-7i-B. Now we can relate the magnetic moment to the spin. Thisis a physics 40 problem. Try it. One
thing you have to worry about is the units so be careful. In any case the answer will bezi = %%?3

So what is S? Well, in our new way of doing things, its an operator. So U now becomes an operator which we often call

the Hamiltonian H. So letsrewriteit U=H =2 SB where we have now written the spin operator as

§=(S, §,5)= % (G, Oy, 67) Letsthink about this. First thisis now an OPERATOR. Secondly is avector (in regular
X,Y,Z space) So its avector operator. Finally, it assumesthat we are living also in aspin space, i.e. |+) and |-). DON'T GET
spin space(with 2 directions -or dimensions) and x,y,z space (with 3 directions -or dimensions) mixed up.

s0 U=H=2 (G, &y, ) B=52 (0 Byt 6y By+ 67 B,)

Note that we are now using the matrix form of the operator! Try writing it out in the form using bra's and kets.

OK back to H. Now the components of the magnetic field B dont have spin degrees of freedom so they can just be pulled
through the pauli spin matrices and we can just write

q— €h A A ~
= (BxOyc+ Byl By

So now lets find the expectation value of H for aspin up particlei.e. |+), sowewant to find (+ | H | +). Let'swork in
meatrix notation so we need to find

0 1y1)\ 0)_
x-part (1 O)(1 0)(0)_(1 0)(1)-0
y-part (1 0)((_) _l) (1):(1 0)(9)20
i 0 0 i

10 1 1
z-part (1 0)(0 _1) (O):(l O)(O):1
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en B,
2mc

sofinaly (+ | H | +) =

o Ef -26 711 -5
The combination e 928.476362x 107 JT™" = 5.796x 107> eV /T

Soif itisina B, = 1 T field, thedifferencebetween spin up and spin downwill be 11.6x 10° eV

A real experiment (with its associated problems)

OK. You set up a Stern-Gerlach experiment in your lab. Remember that the force F, = diz (zi-B). In practice you can't
make a magnetic field that has ONLY as B, component.There will always be alittle B, and By, (for that matter you can't
make one with only aderivative in the z direction - but letsignore that for now). Lets assume that we have a small By
component. So % =(0b,0,b) where ¢ isthe small percentage of leakageand b is % . We then block the stuff where the
force isdownward. The question is - what is the state which passes on to the next part of the experiment. It is no longer

SGz+.

N SG?
spin direction S
electrons ﬂ
oB
— Block
N | 9z

Now before | do this harder problem, lets review what we might do in the simplest case where %z(o,o,b) . Wewill take
F to be an operator which makes a measurement. We then want to find the force on the beam and see which ones are
pushed up and which ones are pushed down. This means that we want to find the the eigenfunctions of F, where the

positive eigenvalues will tell me the force upward and the negative eigenvalues will tell me the force downward. Lets do it.
We then write F, = b1, where thisthing is now an operator. So then we want to solve

F,la)=b T:E S,la)=flay wheref arethe eigenvalues. Lets use matrix notation (also do this your self using bra's and kets)

a A [N . . ) 1
b o =f now we already know the eigenkets of -, which are
2mc s 2 0

with an eigenvalue of -1 but lets solve it so we can learn

b -2 1 0o = We can rewrite this using the identity matrix 1= 10 as-b & 1 0ya =f
#elo 1o o) it tisusing theidentty matix 12  Jas-b 2 (o 7 ()

10 a1
Y oy
anddefinef':%sothm(
et
1-f' 0
0 -1-f
aand as

a1(1-f9
( —ax(1+ )

0
) with an eigenvalue of +1 and ( 1)

1-f' 0 a1 . .
. )( ):O so letsfirst solve for the eigenvalues
0 -1-f'Na

. l=0 so (1-f)(-f-1)=0 sof=tlorf=t b % which iswhat we expected. Now lets sove for

):O Sofor f'=+la, =0 butwe alsohavethe normalization condition vV @12 + a2 =1 giving a;=1
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; 1
(or -1 which we will ignore for now) so the eigenfunction corresponding to the eigenvalue f'=+1 (f=+ — o ) is( 0). If

ben : 0
we do the same for f'=-1 (f=- m) we will get (

1 ) as we had thought.

Now lets do the harder problem d—f— =(6b,0,b) so F,=7 4B _ ob i, + b ji, Wewill have to solve

dz
o1 {0 SHE SR

_f R letsfind the eigenval
( 5 —1—f')(a2)_ so now lets find the eigenvalues

(1-fY(-f'=1)—6%=0 (F'=D(f'+1)-62=0

f2-1-62=0 f',=+V1+62 (f=¢ % V1+62) Soyou seetheforceisjust alittle bit bigger because of the extra
field in the x direction. Now we find the eigenvectors:
a1(1-f)+0az\ _ . ap(L+) . _ .
- |=0 now thismeansa; = (using the bottom eqn). Lets set a»,=1 and then normalize later
oag —as(1l+ f ) 0

Expanding V1+ 62 ~1+ %+

So we get unnomalized

0

1

[(ER D)
( i ]Soforf'_ we get

o2 ] i) {

Expanding V1+ 62 ~1+ & +.

(1+v1+02) 1+(1+§] 2+§ 2.5
forf, | — % |H 5 |H 5 =[ é 2] Now we have to renormalize thisi.e. a12+a,2=1
1
1 1 1
so the normalization constant= ER— 1 = 1 - s

N>

— = so for f.
2
\/al +ap \/(%+%)2+1 \/E‘lz+2+%,+l \/4+352+6;1

2 [
2 1 E
from mathematica

1
Sothe eigenket for f',=+V1+62 (f =+ 22 \/1+62))is(i] andfor f'=—V1+82 (f=-22+1+42))is
iy :
7]
1
So now Iets check it
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0 —1 o
5—3
[
1 oy(-2\ =27
(5 —1) B

/—'ﬁ
N|°’
\_/
A
=
+
NI
—
N
N—
—t
=.
(2]
(2]
—
=y
(9]
o
=]
D
2
~+
=
QD
°
o
(2}
=
<
D
@
g
<
Q
c
0]



gqmll.nb

For those using mathematica

a={{1, d}, {d, -1}}

{{1/ d}l {d/ _l}}

Eigenvalues[a]

{—\/1+d2, \/1+d2}

Eigenvectors[a]

-1+V1+4d2
- (- )
d
-1 +41+dz2
{_ d 4 }

{—§+O[d]2, 1}
-1-4V1+adz2
an = {- 22T )
-1+41+d2
{ 4d ! }
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Series[am, {d, 0, 1}]

amn = am / Norm[am]

(- ~1-+/1+4a2 1 }
d\/1+Abs[—1 dl“i2 ]2 \/1+Abs[71 c;“dz ]2

_1 - 2
amn2={— ! bl ’ . }
d\/l+(_1_ 1+d2 )2 \/1+(-1- 1+d2 )2
d d
~1-+/1+a2 1
(- : )

Series[amn2, {d, 0, 1}]

{1+0[d]2, %

+0[d]?}




