Physics 156A Quantum Mechanics - Final

December 10, 2004
Solutions

Date]]

{2004, 12, 14, 14, 4, 22.1224576}

First — My apologies — therewasatypo

Total - 100 pts
prl - 25 pts
pr 2 - 25 pts
25 pts
25 pts

pr 3

pr 4

1) You have awave function for a particle in abox with sides at 0 and a. The wave function isin the n=3 energy
eigenstate. That is (X|n=3)=y3(X) = \/é sin(%)

a) Find the corresponding momentum representation of this wavefunction, i.e. (p|n=3)=¢3(p)
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b) Find Ax and Ap. Do they agree with the heisenberg uncertainty principle?
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which is greater than ; so it satisfies heisenberg

c) In the basis of energy eigenkets, give the matrix representations of H, p, and &. (note that it isinfinitein dimension -
just give the first 3x3 part and indicate how the matrix continues)
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n? #2 n®
¢) Weknow that H isdiagonal with eigenvaluesk,, =
2ma2
1 00 o
0 40 ol #2a?
H=10 009 0|2ma
oo 0 4
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(if m+ niseven) =

2 h
(if m+ nisodd) 3 T(
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n=4
m=5
n x Pi m s Pi
Integrate] Sin| x x| * Cog[ xx|*mxPi/a, {x, 0, a}]
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1 1
note: sinasinb = 3 cosa—h) — 5 cos(a+ h)

(n[XIm)=
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, 2
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N % Pi . mxPi
*x]*Sm[
a a

Integrate]x x Sin| xx], {x, 0, a}]

cos(m-nyn)a® cos(m+nma® nsn(m-nnma2 msn(m-n)nr) a2
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Integrate]x + Sin| x| *Sin| +x], {x, 0, a}]
a a
1
2
8a?
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psi[x_]1=Sqgrt[2/a] = Sin[3* Pi % x/al]

CRERES

phi[k_] = Integrate]Exp[l =k % x] % psi[x]/ Sqrt[2* Pi], {x, 0, a}]

3(1+e¥r

Vi @k -9n2)

I ntegr ate{x? = psi[x] * psi[x], x]

367% X - 6a2 weoy 22X ) x+ (@ - 18ax? x?) sin( 22X )

108 an3

xav = Integrate[x = psi[x] = psi[x], {X, O, a}]

a
2

xxav = Integrate][x « X x psi[x] = psi[x], {X, O, a}]

a2 a?

3 1872

ppav = Integrate[psi[x] = psi[x], {X, O, a}]
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& @ & 1 1 1 1 &
dX = —_— - —— a —_— 671 —_—— —_—
3 18 #2 4 12 18n2 12 18x2 2
2 nh
dp=9— #? 3
a
1 1 1 1 1 9 1 2
dxdp=97;2h2(____ ):97r2h2(—— ):(KZ___)h2=(ﬂ23_2)_
3 4 18x2 12 18#2 12 2 4

Check and seewhat theanswer isfor Ap if wedoit in momentum space

3% (1+Exp[l xk=a]) Vza

hip[k ]:=

phiplk k2 a2 — 9x2

hipclk —3% (1 + Exp[-I xk=*a]) Vxa
1PC] =

phipclk_ k2 a2 — 92

18xmwxax(1+ 1xCogk*a])
ppLk_] := >
(k2% a2 —972)
pplk]
18ar (cosak) + 1)

(@2 k2 - 9n2)?

kav = Integratelpp[k] = k, {k, —co, oo}]

kkav = Integrate[pp[k] # k x k, {k, —co, oo}]

97 sgn(a)

If[Im(@) == 0, - =

18 an cosak) k? . 18ank?
(@2k2-972)%  (a2k2-972)%’

Integratel {k, —co, oo}, Assumptions - Im(a) # 0]

. 9mPR* (3w _ _ _
kkav = 7~ S— = h (—] which isthesameaswegot abovesoitsOK. (isthereasign problem?)
a
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11

m=4
n=3
nxPi m« Pi

C
a *X]* OS[ a

Integrate]Sin| xx|*mxPi/a, {x, 0, a}]

n=3

N % Pi m x Pi
*x]*Sin[
a a

Integrate]x « Sin| xx], {x, 0, a}]

2) Let xand p be the quantum mechanical operators for position and momentum (1-dimensional)

iax
a) Evaluate the comutator [, e%"]
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Xn
Note: e = —_
n!

n=0

so [p, X} = —i,

Alsonote[p, x°]1 =0

p.s¥]=1p. Y

n=0

oo i2 in—l aJan—l

g AN = D!

and weknow [x, p] = i%

i"an xn
At n!

0iza ) ——
Ain-1(n — 1!

[p, X21 = x[p, X1+ [p, X] X = —2ifix
[p, x°1 = X2[p, X] + [P, X°] x = —ihx? — 2ihx® = =3iAax?> andfinally [p, x"] = —n(iA) x"*

0

i"a" Z
n—-_
hnn![pix]_

n=1

»

in—l an—1

n=1

i"a"

At n!

(i) nx"t =

iax iax iax
b) Using thisreﬂjltevaluatee%lp').Whatisthesignificanceof the operator e%? (Hint: find pe%lp'»

[p, ei_a;zz] =aei_3iz'
jiaf
[p.e7 ]Ip)=

iak iak

iaX

iak

. lax iag iag
pe# |p')—e7@ Dlp)=ae® | p')

iak iak iak

iak

pe# |p)=e® Plp)+ae® |p'y=eh p'ip)+aeh |p')y=(p' +a)er |p')

iak

Soe# | p') isaneigenfunctionof pwith eigenvalue p' + a, sotheoperator e % isamomentum boost

3) A certain observable in quantum mechanics has a matrix representation as follows:

er
0
1
0

1 0
1
11
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THISWASA TYPO IN THE PROBLEM!!! | WILL GRADE IT ACCORDINGLY IT SHOULD HAVE BEEN (note
that the other problemis solvable but areal pain)

Find the normalized eigenvectors and corresponding eigenval ues.
Isthere a degeneracy?

[It turns out that this observable will be the spin for a spin-1 particle]

-2 1 0
0 1 0 a a V2
1 1 1
i— - _— _.A. _— = —3 =l = -
ﬁ[lo 1][b A|Db det N NG 0 A°+2A=0 21=0,1-1
0 1 0 c c 0 1 2
2z

eigenketsfor 1=0

0 1 0 a
[1 0 1][b =0 b=0 atc=0 b=0 So %(1,0,-1) - no degeneracy

0 1 0/\c

. 0 1 0 a a . . .

ﬁ[(l) g i] b] =:[1:] ﬁb:ta W(a+c):ib Wb:ic SO a=C

for =1 leta=1 thenb=y2 andc=1 normalizing we get 7_1:1—(1,\/5,1) =(3 7_15—%)
for A=-1 leta=1l thenb=-v2 andc=1 normalizing we get ﬁ(l,—\/?,l) =(%, %%)

1
a=——1{{0 1,0}, {10, 1}, {0, 1, O}}
V2

o ﬁ‘p o
ﬁ!»—\ o ﬁlp
o ﬁ‘p o
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Eigenvaluega]

{-1,1,0

Eigenvectordal

1 V2 1
1 V2 1
-1 0 1

4) A spin %system isknown to bein an eigenstate of S with eigenvalue 12”— where ri is aunit vector lying on the x-z
plane that makes an angle y with the positive z axis. 1n each of these questions, check for the special cases where

7:0,%,71'

a) find the eigenkets of §-n for this case.

Firstweknown, =0 son=(siny, 0, cosy) so
A, kR 01 & 1 0 h cosy siny
S= = 3'”7’(1 o)+ B COS”(O —1) =3 (siny —COSy)
: . {7 :
Theeigenvaluesof thisthingare + 2 sowelook for eigenkets
cosy siny @,  (a o . _ _
(siny —cos;/)( )—i(b) acosy +bsny=xa and asiny —bcosy =+b takeb=1
a=
cosy +1 1 ooyl 1 cosy +1
S_y—- and nor malizingwe get [ siny ]: Z.);]_ ):
Sy (%)2_'_1 1 V(cosy +1 )2 +sin?y Y
siny
1 COSyil)_ 1 (COSyil)
Vco2y £ 2cosy + 1+snzy = NV V2+2cosy N7
Thisactually simplifies — but you didnt needto doit
+(1=cosy) ++/(1xcosy)
1 (COSyil )_ [ V2 (1+cosy) ] V2
o sny ) siny - siny
Zes2Eusy V2 (1xcosy) V2 (1=cosy)
Y e ¥
cos3 cos—Z— —sh3 —sin%
(for +) Zsin%cos% = snl (for -) ZQH%COS% = cos Z
ZCOS% 2 Zg'n% 2
Null
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b) suppose S, is measured. What is the probability of getting izh—?

— Itis ”

B wn (o052
Sinceit isin an eigenstateof S-7 with eigenvalue > )
sin
2

Sowebegin with the eigenstate |S- n; +),

COS —
2

1 Y
P= <Sx;+|S-n;+)|2= — (& 1)[. y]
‘/E sn =

2=

2

1 2 1 1
—(coszl- +sin Z—) = —(coszzl- +sn? L +2c0s L sin 2/-)= — (1+siny)
2 2 2 2 2 2 2

/3
L etscheck and seeif thismakessensefor y =0, TZ- 7.

+7 1
expect that the probability to measure —2— isE whichiswhat weget. When

T
y = — it pointsin thex direction so theprobabililty should be 1 whichit is. Good.

Another way

Y .Y
COS — |+> +sin — |—> =
2 2

cos%[‘/—:;-l& +>+\/_E-|SX —>]+sm22/-[—12-|3( +>—‘/—1§-|SX —)]:
i(cosZ +sin %)I& +>+ %(cos% |+>—sin %]st —>

V2

+h
sotheprobabilitytomeawre—z— when S, ismeasuredis—z- (cos—z- +sin —2-)

1 1
—(coszzl- +sn? L +2c0s L sin 2/-)= — (1+siny)
2 2 2 2 2

Null

For y =0, r itseither alongor antipwalldtothezaxisand§-ﬁ isjust S, sowewould

and ask what theprobabilityisthat it isS, +, thatisit will yield avalueof + —2- when measureing Sy

c) Evaluate A S
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A cost) 4 snZ
(3(>=(C0522'_ sinzzl-)—z-(g é)[gngJ=—(coszzl- sinz-)[ 2

v h 0 1,k 0 1, [S5
(S&):(cos% sm%);(l 0)5(1 0)[8“1%2]:

#2 _ 0 1.(SNZ) a2 _ cosL) g2
eI M B R W O

sS, wow ok
=4/ — - —sin2y = —co
4 4 4 2 &

/3
Ify= —2- itisan eigenstateof S, sotheuncertaintyiszero. Itis. Good

f
If ¥ = 0, w then thereshould bean uncertainty — it is—2-, good.




