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It is shownthat the azimuthaldependenceof the distributionof hadronsin a quark jet is a
probe of the transversespin of the quark initiating thejet. This resultsin a new spin-dependent
fragmentation function that acts at the twist-2 level. One example of a processwhere it
contributesis semi-inclusivedeeply inelasticscattering with a transverselypolarized nucleon
targetbut with an unpolarizedelectronbeam.This processis treatedin detail. Another process
is thecrosssectionfor singly polarizedhadron—hadronscatteringwhentwo high-p~ hadronsare
measuredin the final stateand are close to back-to-backin azimuth.The new fragmentation
function is sensitive to the coupling of the fragmentationprocessto (spontaneous)chiral
symmetry breaking.

1. Introduction

An importantchallengeto QCD theoristsis to devisemethodsof measuringthe
polarization state of a parton coming out of a hard scattering.In the case of
longitudinal polarizationfor the parton, Nachtmann[1] showed how a certain
three-particlecorrelation within a jet could be used.He suggestedseveral pro-
cesseswhereit couldbe measured,in particulardeepinelasticneutrinoscattering.
Later, Dalitz, Goldsteinand Marshall [21andEinhorn [31showed how to probe
the helicity of a heavyquark.

RecentlyEfremov et al. [4] rediscoveredthe Nachtmannidea,which they called
the “handedness”of a jet, and they showedhow to measureit in e~e annihila-
tion. They also consideredthe possibility of probing the transversepolarizationof
quarks.This idea was independentlydiscoveredin ref. [5].

In this paper, I will presentanothertechnique sensitive to the transverse
polarizationof a quark.Onemeasuresthe sing/e-particledistribution as a function
of transversemomentum, in a processsuch as semi-inclusivedeeply inelastic
scattering,where the jet axis canbe preciselydefined.The initial-state hadronis
transverselypolarized,andthe hardscatteringprovidesa spin transferto the final
state. There should be a spin asymmetry in the azimuthal distribution of the
outgoinghadronaboutthe jet axis.
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One could argue that the large numberof hadronsproducedin a jet would
completelydilute this asymmetry.However, it is known that for flavor quantum
numbers,the leading particle in a jet is correlated in flavor with the quark

initiating the jet [6]. Moreover,much of the hadronproductionresults from the
emissionof gluonsat small z; this preservesthe helicity stateof the quark,andit is
the quark that is responsiblefor the leadinghadrons.

Measurementslike this probe three quantities,none of which haveyet been
measured:the transversespin of a quark in a transverselypolarized hadron, the
transversespin dependenceof hard scattering,and the spin-dependenceof frag-
mentation.The differencebetweendistributionsfor the transversespinandfor the
helicity of a quark in a hadronis a measureof relativistic effects in the hadron’s
wave function [7]. Transversespin dependenceof the fragmentationinvolves a
helicity flip for the quark, and is thereforesensitive not only to the spin depen-

denceof fragmentationin generalbut to the presenceof (non-perturbative)chiral
symmetrybreaking.

For the single-particlemeasurement,onemust havea processwherethereis a
definite axis or planewith respectto which transversemomentumof an outgoing
particle canbe defined.Two obviousexamplesare:
(i) Semi-inclusivedeeplyinelasticscattering,e + p —* e + H + X, when the kine-

matic variablesXBj and z arenot small, andthe transversemomentumof the
observedhadron (relative to the plane of the initial proton and the two
electrons)is moderate.This is the processthat I will treat in detail in this
paper.

(ii) p + pt —~H
1 + H2 + X, when the two observedfinal-statehadronshavelarge

PT relative to the axisof the initial-stateparticlesandarenearlyback-to-back
in azimuthabout that axis.

Here, p denotesa transverselypolarized hadron. Undoubtedly,other similar
observablescan be easily devised. It is also standardto define a jet axis by
calorimetric measurementsof the jet for example.In that caseone can measure
the azimuthaldistribution of the leadingpionsaboutthe axis. This probablysuffers

from lower precisionin the definition of the axis.
In the proton—proton case,if one makesmeasurementsat sufficiently large

center-of-massrapidity, then one can have the collision of a small-x gluon and a
moderatelylarge-x valencequark. This allows one to take advantageof the large
number of small-x gluons and the expected large polarization of the valence
quarks.This would give both a largespin asymmetryanda largecrosssection.

Both the single-particlemeasurementssuggestedin this paperand the two-par-
ticle measurementsuggestedin refs. [4,5] are twist-2: that is, the spin asymmetries
are not suppressedby a power of the large momentum scale Q in the hard

scattering.This is importantbecauseof the paucityof useful twist-2 asymmetries
involving transversespin. The problem is that transversespin asymmetriesinvolve
off-diagonal elementsin the helicity densitymatricesof the quarks,and that the
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hardscatteringpreservesquarkhelicity. (It is quarks,not gluons that are relevant
here[8].) Thus to get a twist-2asymmetry,the non-perturbativepartof the process
(consistingof the parton distributionandfragmentationfunctions)mustcontainan
evennumberof factorsthat flip quarkhelicity.

The obvious measurementsthat are sensitive to transversespin at the twist-2
level involve collisionsof two polarizedhadrons,andto get a large asymmetryone
wantsto be in the valenceregionfor the quarksenteringthe hardscattering.The
two standardprocessesare jet production and the Drell—Yan process.But jet
production has a numerically small asymmetry [9] in the hard scattering.The
Drell—Yan process,with a large asymmetryin the hard scattering[10], needsa
polarizedantiprotonbeamwith good luminosity to make it a valenceprocesswith
a reasonableeventrate.

In contrast,the spin asymmetriesdiscussedin this paper,andthosein refs. [4,51
havetheir secondmeasuredspin in the final state insteadof the initial state.It is
interestingthat thesefragmentationmeasurementsareeasierfor transversepolar-
ization than for longitudinal.A transversepolarizationcan beprobedby measur-
ing two suitablemomentumvectors(e.g. two particlesin a jet, or oneparticleand

a jet axis). But a longitudinal polarization requires three vectors, to define a
handedness— seerefs. [1,4], andalso the work of Carlitz andWilley [11].

The new spin-dependentfragmentationeffect that is the subjectof this paper
gives a leading-twistcontribution only to processesthat are sensitiveto intrinsic
transversemomentum.But it mayalso haveconsequencesfor otherprocesses.For
example,considertheinclusive crosssectionfor productionof a high-p~ hadronin
hadron—hadroncollisions. When only one of the initial hadronsis transversely
polarized,QCD predictsthat the resultingspin asymmetryis of twist-3. Thereis a

notorious contrast between this prediction and the large asymmetry actually
measured[12]. The experimentsare admittedlyat rather modestenergies(fixed
targetwith beamsof up to 200 GeV). Methods for treating twist-3 effects are
currently being developed[7,13,141.

In that process,thereis effectively an averageover intrinsic transversemomen-
tum, and in particular over its azimuthalangleabout the jet axis. Therefore the
spin-dependenceof the fragmentationthat is treated in the presentpapergets
canceled,at the leading twist level. But the cross section is a steeply falling
function of the hadron’sp ~, so that the azimuthalaverageneednot work very
well. The result could be a numericallylargetwist-3 contributionin thefragmenta-
tion. The authorsof ref. [14] havenot yet treatedtwist-3 effects in fragmentation.

The layout of this paper is as follows. I definethe fragmentationanddistribu-
tion functions in sect. 2. Then in sect. 3 I show how theseget used in deeply
inelasticscattering,andin sect.4 I explain thepolarizationsensitivemeasurements
that can bemade;that sectionis perhapsthe oneof mostuseto experimentalists.
In sect. 5, I make a few remarksabout hadron—hadronscattering.Then I exhibit
somesimple model calculationsin sect.6 to show that the fragmentationasymme-
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try I propose does not violate any fundamentalprinciples. I summarizemy
conclusionsin sect.7.

2. Spin-dependenceof parton distribution and fragmentation functions

In this section,I will first review the formal definitions of the partondistribu-
tion andfragmentationfunctionswhenthereis a measuredtransversemomentum.
Then I will show how to extendthe definitions to treat nontrivial polarization.
Thesequantitieswill get used in factorization formulae for the crosssection,as
explainedin later sections.

In the usual factorization theorems[15,16], one works with parton densities
integratedover transversemomentum.But when one has a crosssectionwith a

measuredsmall transversemomentumvariable, one must use the unintegrated
distributions.In QCD, thereare some interestingeffectsassociatedwith Sudakov

form factors, that make the resulting factorization theoremsquite nontrivial [17].
The Sudakov effectsare spin-independent,and we will not bothermaking them
explicit here, since our purposeis to examinethe novel effects associatedwith
polarization. Howeverwhen the energyof the experimentincreases,the Sudakov
effects will dilute our asymmetriesby smearingout the transversemomentum
distributions.

We will denotethe unpolarized distribution and fragmentationfunctions by

and DH/I respectively,when transversemomentumis integratedover. To
denotethe correspondingquantitieswith unintegratedtransversemomentum,we
will usethe samesymbols,butwith a hat over them: f1/fl and

2.1. PARTON DISTRIBUTION FUNCTIONS

We define parton distribution functions by formulae motivated by light-front
quantization.Thesequantitiesare precisely those that occur in the factorization
theorems[18—20].

It follows from the parity andtime-reversalinvarianceof QCD that the number
densityof quarksis independentof the spin stateof the initial hadron,so that we

have

dyd
2y

fa/A(X,Ik±~)~f
3

1exp(—~p~y+ik
1y1)

(2ir)

<pl~a(0,y, Y±)~~a(0)IP). (1)
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We have ignored here the subtleties needed to make this a gauge-invariant
definition: an appropriatepath-orderedexponentialof the gluon field is needed
[18]. The coordinateframe in which this definition is applied is one in which the
hadron I p) haszerotransversemomentum:p ~= 0.

Sivers [21] suggestedthat the k distribution of the quark could have an
azimuthal asymmetrywhen the initial hadronhas transversepolarization. How-
ever, such an asymmetry is prohibited becauseQCD is time-reversalinvariant.
This is shown in the appendix.

As explainedin refs. [10,23],we must considerthe quark (or gluon) a to be
equippedwith a helicity densitymatrix. Since QCD is invariant underparity and
time reversal,the densitymatrix for a quarkdiffers from unity only if the initial
hadron A is itself polarized.Then the transversespin asymmetryof a quark is
definedby:

‘ k~=~ ‘ k
~± Ta/AJa/A~’ Jj_S±fTa/A\X, J

dyd2y
1

(2~)~exp(—ixp~y+ik~y1)

XKPI~a(0,Y, Yi)~~~~a(0)’P)’ (2)

wheres~is thetransversepartof the spinvectorof the initial hadron,normalized
so that its maximumsize is unity: I ~ I ~ 1. In eq.(2), I haveusedthe notationof
ref. [23], wheredefinitionsaregiven for the casethat the transversemomentumis
integratedover; the definitions given for that case givenby Jaffe andJi [7] differ
only in notation. I havedefined ~T to meanthe ratio of quark polarizationto
hadronpolarization; it is a kind of asymmetryor spin transferfunction, and in
generalwill dependon x and k ~. Then fT (with a subscriptT) meansthe parton
distribution weightedby the transversespin asymmetry.

Similar definitions can be given for the distribution of gluons. It would be
interestingto work out the details.For the deep-inelasticprocesstreatedin this
paper,we will seethat we will notneedthe definitionsfor gluons.

One can also write helicity asymmetries.But we will not need them in this
paper,becausewe will work with fragmentationobservablesthat arenotsensitive

to quarkhelicity.

2.2. FRAGMENTATION FUNCTIONS

Fragmentationfunctions with transversemomentumare defined in a similar
fashion to the parton distribution functions. An importantdifference is that the
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observedfinal-state hadron,assumedto be a pion, has no polarization,so that a
spin-transferfunction analogousto eq. (2) doesnot exist. On the other handwe
can no longer apply the generalizationof the time-reversalargumentthat pre-
ventedan azimuthalasymmetryin the numberdensity, as we will explain.

The unpolarized fragmentationfunction, to find a hadron H in the decay
productsof a quarkof flavor a is [18]

dyd2y
DH/a(Z~kI)_~f ~exp(ik~y—ik

1y~)
x 12(2w)

xtr y~(OI~a(O,y~,y~) lix) KHXIç~a(0)I0). (3)

The factor of 1/12 is the product of a factor 1/2 which occurswith all these
definitions for fermions and a factor 1/6 for an averageover the spin andcolors
statesof the quark.The sumover X is over all final statescontainingthe chosen
hadron.

This definition is easily generalizedto give the transversespin dependenceziD
of the distribution of hadronsin a polarizedquarkof transversespin s’j:

dyd
2y

~DH/a(Z~kI,5I)=~f ~exp(ik~y—ik~y
1)

x l2(
2~r)

X tr y~y
5y •S±<0I~/1a(0,Y~,y1)IHX)

X(HXklJa(0)I0). (4)

This is permittedto dependon the spin through the following scalarquantity:

~ (5)

where n~ &± is the vector that is used to define the light-front momentum
fraction z: z ~p)~/k~=pH . n/k n, with k~being the momentumof the quark.
(Note that the abovedefinitionsimply that k— is integratedover, while k1 is the
transversemomentumof the quark relativeto the hadron H.)

There is some disagreementin the literature on the normalization of the
fragmentationfunctions.The definitionsgiven above are the most convenientfor
theoretical analysessince the bilocal vertex for the quark dependsonly on
momenta defined at that vertex. However, a probability interpretation is most
naturallygiven in termsof the transversemomentumof the hadronrelativeto the
quark, which is p1 = —zk~. Then the probability density in z and ~ is
z ‘D(z, —zp~). As for the density integratedover transversemomentum, i.e.
D(z) Jd

2k
1D(z, k~), the probability density is zD(z). (This implies that the

momentumsum rule is ~Hf~z
2DH/Q(z) dz = 1.)
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Now time reversalinvarianceprohibitsanasymmetryproportionalto (5), unless
therearenontrivialphasesfrom final stateinteractions;butsuchphasescansurely
exist in a strong-interactionfragmentation.Anotherway of saying this comesfrom
observingthat a combinationof time reversaland parity invariancetransforms
out-statesto in-statesof the samemomentumcontent.(Comparethe arguments
given in the appendixfor the distribution functions.)If the in-stateswerethesame
as the out-states,then we could show that the asymmetryproportional to (5) is
zero.For stronglynonperturbativeinteractions,suchas are involved in hadroniza-

tion, this is surely not true. Similar argumentshave been applied to polarized
pion—nucleonscattering[24].

3. Semi-inclusivedeeplyinelasticscattering

3.1. KINEMATICS

Semi-inclusive deeply inelastic scattering is the process e + A —* e’ + B + X
where A is some arbitrary initial hadronicstateof momentump~,and B is an
observed hadronin the final state of momentump~.The momentumtransfer
from the lepton systemis q~,as usual,andwe definethemassesof hadronsA and
B to be MA and MB.

In the absenceof polarization,therearefour Lorentz invariantvariablesfor the
hadronicsystem,viz. q2, PA ~q, PB ~q and PA PB• A useful set of variableswas
definedby Meng et al. [25]. The two variablesnot involving the final-statehadron
B are,as usual,

Q2
XBi~~p~.q~ (6)

and

~ (7)

Thenas in ref. [26] onedefines

PA PB
z~ . (8)

PA q

Finally, Meng et al. define q~as the transversemomentumof q~,in a frame
wherep~and p~havezero transversemomentum.Up to correctionsthat are
irrelevant in the Bjorken limit, this meansthat

1
~L (9q
1 q XAPA PB’

where XA= —pB.q/pAp~=xB5(1—1q
2j/Q2).



168 1 Collins / Fragmentationofpolarizedquarks

Fig. 1. Kinematicsof semi-inclusivedeeplyinelasticscattering.

The deepinelasticregion is where Q is madelarge,with XBj and z held fixed
and notclose to their endpoints0 and 1. We will always assumein this paper that
the scattering is taken to lowest order in QED, with a single photon being
exchangedbetweenthe lepton andthe hadronicsystem,fig. 1.

The reasonfor defining the variablesXBJ, z and q1 is that they havea simple
interpretation in the parton model. There, it is assumedthat the dominant
contributions to the cross section have the form of fig. 2. The virtual photon
interactsin Born approximationwith a singlequark,which is close to its massshell
andwhich haslow transversemomentumon the scaleQ. Thenwhen hadronB is
part of the “current quark jet” produced in the hard scattering, z has the
interpretationof the fraction of thejet’s momentumthat is carriedby the hadron.
As usual, ~ has the interpretation of the fraction of the momentumof the
incoming hadronA that is carriedby the parton that entersthe hard scattering.

To treatintrinsictransversemomentumfor theinitial stateandfor the fragmen-
tation, we needa suitableframe in which to definethem.First we definewhat we
will call the “parton model jet axis”:

p~
2_qP+x~~p~. (10)

This would bethe jet momentumif therewereno intrinsic transversemomentum.

Even in the presenceof transversemomentum,the definition (10) gives a conve-

Fig. 2. Partonmodel for semi-inclusivedeeplyinelasticscattering.
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nient axis with respect to which to define the transversemomentum of the
outgoing hadronB.

As statedabove, q1 is the transversemomentumof the virtual photon in a
frame in which the two hadronsA and B havezero transversemomentum.This is
perhapsthe simplest frame in which to derive the factorization theoremat low
transversemomentum. But when we considerthe azimuthaldistribution of the

outgoinghadronB it will bemoreintuitive to considerthe transversemomentum
of B relativeto the partonmodeljet axis. This we can defineby

1
P~T~PTZP~. (11)

Note that to avoid somepossibleconfusionwe usethe subscriptT hererather than
I. This is to emphasizethat P~Tis a four-vector rather than the transverse
two-componentvectordefined in a particularframe: the frame in which we define
the fragmentationfunctionwill havezero transversemomentumfor B.

Up to correctionsof relative order q~/Q
2,the transversemomentumP~Tis

—zq~.

3.2. FACTORIZATION WITHOUT INTRINSIC TRANSVERSEMOMENTUM

In QCD, thereis a standardfactorizationtheorem

thr d~
E’EBd

3/, d
3 = ~f~f/~) (hardscattering)DB/b(~), (12)
PB a,b

which is correctup to power-lawcorrections.When the hard scatteringfactor is
replaced by its lowest-order approximation, we regain the parton model. In
normalizationthe hard-scatteringfunction is the invariant cross section for lep-
ton—partonscatteringwith the outgoingparton momentumset to PB/C.

This factorizationtheoremrepresentsthe asymptoticsof the crosssectionwhen
Q gets largebut thedimensionlessratios XB), z areheld fixed, and q

1/Q is either
held fixed or integrated over. This has the unfortunate implication that the
factorizationtheoremfails to give a useful result for the distribution in q ~ when

~z 0. However, this is exactly where the crosssection is biggest. Indeed, in

lowest order, the hard-scatteringfunction has a factor 6~
2~’(q

1),while in higher
order the hard scatteringfunction has terms that diverge like 1/q~times loga-
rithmswhen q1 —‘ 0.

A convenientwayof formulating thesestatementsis to statethat the factoriza-

tion theoremeq.(12) mustbe interpretedin the senseof distribution theory [27].
The theoremapplies when the cross section is integratedwith a smooth test

function 4(x~~,z, q1/Q). In the derivation [15,16,23], one applies to the hard
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scattering the approximation that the transversemomentum of the incoming
partoncanbe neglectedwith respectto the transversemomentumgeneratedin the
scattering, and one also neglects the transversemomentum generatedin the
fragmentation.(Note that to the extent that these transversemomentaare not
negligible,but areof order Q, the errors in the approximationsare compensated
by a correcttreatmentof higher-ordercorrectionsto the hardscattering.)

3.3. FACTORIZATION WITH INTRINSIC TRANSVERSEMOMENTUM BUT NO POLARIZA-
TION

To gain informationon the q1 dependenceat small q1 , we mustderivea more

powerful theorem that involves “intrinsic transversemomentum” in both the
distribution andthe fragmentationfunctions.Such a theoremwasderivedfor the
Drell—Yan processandfor the two-particle-inclusivecrosssectionin e~eannihi-
lation [17,28].A similar theoremshouldapplyhere.An obvious ansatzis

E’EBd3I,d3 = Efd~f~fd2ka± fd2kbl fa/A(~’ k~1)

d6~
xE’Ekh d

31’ d~kb~”~’ khl) + Y(xB~,Q, z, q
1/Q). (13)

In this formula ó~representsthe short-distancepart of elastic lepton—quark
scattering.It containsa deltafunction for momentumconservation.The sumover

a is over all flavors of quarkand antiquark.
The first term on the right of eq. (13) dominateswhen q1 ~ Q. The second

term, Y, is a correction term that enableseq. (13) to reproducethe ordinary
factorization theorem eq. (12) at large transversemomentum, just as in the
Drell—Yan case[17]. The Y-term has the generalform of the basic factorization

theoremeq. (12), exceptthat the low-q1 asymptoteis subtractedfrom the hard
scatteringfunction.

The function fa/A defined earlier gives the intrinsic transverse-momentum
dependenceof partons in the initial-state hadron. Similarly, DB/a gives the
distribution of hadronsin a parton, with kbl being the transversemomentumof
the parton relative to the hadron.

Justas in ref. [17,28],the hard-scatteringfactor in the first term in eq.(13) can
only be a 2 —‘ 2 process.Hencethe fractional momentaof the incoming quark
from hadronA andof hadronB in the outgoingquarkare forcedto be Xn~and Z.

After integratingout the delta-functionin d~we obtain

E’EBd3I,d3 = ~ Efd ka± fa/A(XBj, kaI)~DB/a(Z, ka±+q1)

+ Y(xBJ,Q, z, q1/Q). (14)
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Thepicturethat goeswith theseresultsis fig. 2. All thatwe havedone is to take
accountof the transversemomentumof the quarksrelativeto themeasuredinitial-
and final-state hadrons.This intrinsic transversemomentumhas the effect of
smearingout the delta function of q1 that we remarkedon earlier. The only
generalizationneededcomparedwith the parton model is that the hardscattering
cancontainhigher-ordervirtual corrections.In the absenceof gaugebosonsin the
stronginteractions,this formula in the exactform given in eq. (13) is a theorem,
thatcanbe provedas in the Drell—Yan case[191.

The spin-i gluonsof QCD modify the theorem,by causingSudakovform-factor
effects.We expectthat aproofcanbe givenjust asin the Drell—Yan case[17]. The
effect is to broadenthe transversemomentumdistribution as Q increases,but in a
spin-independentway: the broadeningis due to recoil against the transverse

momentumof soft gluon emission.This will havethe effect of diluting the spin
asymmetrywe will discussnext.

3.4. FACTORIZATION WITH INTRINSIC TRANSVERSEMOMENTUM AND POLARIZATION

We now explain factorizationfor the semi-inclusivedeepinelasticcrosssection
when the incoming hadron A is transverselypolarized but the lepton remains
unpolarized.(It is left as an exerciseto treat the most general case.) The
factorization theorems,eq. (12) and eq. (14), continueto applywhen we include
polarization for the incoming hadron, but with the insertion of helicity density
matricesfor in andout quarks; this is a simplegeneralizationof the resultsin refs.
[10,231.

The crosssectionwill be linear in the transversitys~of the hadron(andalso
linear in its helicity A). Becausetransversespin for a spin-~ particlecorrespondsto
off-diagonal terms in the helicity density matrix, the other primary constraint
comesfrom quarkhelicity conservationin the hardscattering,andthis simplifies
the factorizationtheorem.

First, it is well known that at largetransversemomentum,the transversespin
asymmetryis higher twist, as I now review. In that region, we usedistribution and
fragmentationfunctions integratedover intrinsic transversemomentum.Now, in
the absenceof a measurementof the polarizationof the outgoing hadron, the
single-particlefragmentationis spin independent.On the other hand,the trans-
verse-spindependenceof the distribution functions is only in the off-diagonal
elementsof quark densitymatrices[8]. Thereforewe need the part of the hard
scatteringthat is off-diagonalin the helicity of the initial-statequarkbut diagonal
in the (summed)final-statehelicities. Helicity conservationat the verticesfor the
gluon, photonand Z prohibitssucha term,at leadingtwist.

But, at low transversemomentum,the fragmentationfunction hasdependence
on transversespin — see eq.(4). The correspondinghard scatteringis just elastic
electron—quarkscattering,andweneedtermsthat areoff-diagonalin the final-state
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quark helicity. Quark helicity conservationrequires that these terms are also
off-diagonalin initial-state quark helicity, and we are thereforediscussinga spin
transferfrom the incomingto the outgoingquark. The off-diagonal terms in the
densitymatrix for the incomingquarkaregiven by thetransverse-spindistribution

definedin eq. (2).
Since there is a kinematic zero in the transverse-spindependenceof the

fragmentationat k = 0, the spin dependenceof the cross section must have
transverse-momentumdependenceroughly proportionalto the dimensionlesscoef-
ficient

qM
1 (15)

q~+M2

where M is a typical hadronicmass.This exhibits the kinematiczerowhen q
1 = 0,

the leading twist asymmetrywhen q1 = 0(M), and the higher twist asymmetry
when q1>>M.

We havenow seenthat the only transverse-spinasymmetryat leadingtwist is in

the low-transverse-momentumterm in the generalizedeq. (14). Moreover (5)
implies that the transverse-spinasymmetryhasa sin 4 dependenceon the azimuth

4 of the transversemomentum,so that any kind of uniform azimuthalaveraging
will removethe asymmetry.

Following Meng et al. [25] and earlier work, we could decomposethe cross
section in terms of scalar structure functions. In the case of fully inclusive
unpolarizeddeeply inelasticscattering,with photonexchange,thereare just two
structurefunctions, the well-known F1 and F2. But whenwe measureone of the
particles,B, in the final state,thereis an extravectorin the problem so thereare
more structurefunctions, enumeratedin ref. [25]. When in additionwe allow the
incominghadronto be polarized,thereareextrastructurefunctions,just as for the
kinematically isomorphicDrell—Yan crosssection [10,291.We will chooseinstead

to work directly with the cross sectionand its angulardependence.It would of
coursebe of interestto perform a structure-functionanalysis.

Since at leadingtwist, thereis only transverse-spindependencein the low-trans-
verse-momentumterm in eq.(14), it is only this term thatwe needto change,with
the result

do
4XBJ ( 2 dO~aa~pp~

E EBd3
1, d

3pB = -~-~-- Ej d ka±fa/A(XBj, ka±)paa’ dfl

XD~~B/a(Z,kai +q
1) + Y(x~~,Q, z, q1/Q). (16)

Temporarilywe havechangednotation:a, a’, f.3 and f3’ representindices for the

initial- and final-statedensitiesmatrices,p,~is the helicity densitymatrix for the
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incomingquark,while the indices 13/3’ on the fragmentationfunction D represent

the dependenceof the fragmentationon the outgoingquark’s densitymatrix.
We now recastthis formula in terms of transversespin vectorsby usingparity

invarianceaswell as helicity conservation.First, we havealreadyseenthat helicity
conservationtells us that the only transverse-spindependenceis in the part of the
hard scatteringthat is off-diagonal in helicity, i.e. ~ and its hermitian
conjugate~ Thusthe off-diagonaltermsin the final- andinitial-state density
matricesare proportional: p°~i= Cp÷, where C dependson the kinematicvari-
ablesof thehardscattering.Furthermore,theexpressionfor the off-diagonalterm
in a densitymatrix in terms of the spin vector is p÷= ~Is e~x,apartfrom a
possiblephaseand a possiblesign error in the exponent.Herex is the azimuthal
angleof the transversityabout the momentumof the quark. Furthermoreparity
invarianceimplies that if the spin of the initial quarkis perpendicularto the plane
of the scattering,then so is the spinof the final-statequark. Hencethe coefficient
C is real, if we chooseour conventionssuch that a realvalue of p ~ corresponds

to a spin vectorperpendicularto the planeof scattering.
It follows that the transversitiesof the initial andfinal quarksareproportional.

The directionof the transversityof the final quarkis obtainedby rotating it about
the normal to the planeof the hardscattering.(fig. 3.)

Hence the spin dependenceof low-transverse-momentumterm in the cross
section is given by the following factor:

~a~ft12/t~a± ~Tf~(s)
1+C . (17)

Ea~f~12ka± fi5

Here we haveused the fact that the spin-transfercoefficient C, which we will
calculate in subsect. 3.5, dependsonly on the scattering angle of the hard

scattering.It is independentof quarkflavor andthe otherkinematicvariables;thus
we can factor it out of the integrals.The sums are over flavors of quark and
antiquark.The transversityvectors’ that is usedin the spin-dependentfragmenta-
tion function ~1D(s’) is the transverse-spinvectorof the initial hadronrotatedin
the center-of-massof the hardscattering,accordingto the methodof fig. 3.

Fig. 3. Relationbetweenspin vectorsfor initial- andfinal-statequarks.
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The initial-state distributionsare functionsof the length of ka±only. So after
integrationoverka±,the crosssectionacquiresa spin dependencewhosedepen-
denceon the azimuth of B is proportional to sin 4, where ~ is the azimuthal
angle of PB, when measuredin the lepton—partoncenter-of-massabout the
outgoingjet axis (as definedby ~rin eq. (10)), with 4. = 0 being the directionof
the vectors’ definedjust above.

3.5. CALCULATION OF SPIN TRANSFER

We can easily compute the spin-transfer part of the hard-scatteringcross
section from the amplitudesgiven by GastmansandWu [301.The crosssectionis
for elastic electron—quarkscattering,with all massesset to zero. Becauseof
helicity conservationand parity invariance, there are two independenthelicity
amplitudes:~ and M÷,wherethe first and secondindices label the helicities
of the electronandquark.The amplitudesM~ and M~ are related to theseby
parity invariance.

The unpolarizedcrosssection is a standardkinematic factor times ~[ I ~ I 2

+ I M~ I 2~ When the electron is unpolarized, the density matrix p~of the
outgoing quark is expressedin terms of the density matrix p’ of the incoming

quarkas follows:

~÷ c~- ~-+ Cp’÷
= , (18)

p_~ p__ Cp~ p~

where

M~÷M~+M~M~
C= . (19)

IM++ 2+ IM÷ 12

Up to a phaseconvention,the explicit valuesfor the matrix elementsare [30]:

M~~=M~=4ie2q~1 —cos

1 + cos 0

M~=M~= 2ie2q~1 — cos o (20)

Here qa is the electricchargeof quark a in units of the basicchargee,while 6 is
the scatteringangle in the lepton—quarkcenter-of-mass.The definitions of the
helicity statesare such that the scatteringamplitude is purely imaginary; this
conventiondiffers from that of ref. [301.
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It follows that the spin-transfercoefficientis

4(1+cos6) l—y
C= = 1 (21)

4+(1+cosO)2 1—y+~y2

wherey is the usualvariable PA . (1 — 1’)/PA . 1, which is (E — E’)/E in the target’s
rest frame and (1 — cos 6)/2 in the lepton—quarkcenter-of-mass.The spin trans-
fer coefficientis 100%at smallscatteringangles,anddecreasesto zero for exactly
backwardscattering.But evenat 90°(y = 1/2), it is 80%.

Note that the spin-averagedsquareof the matrix elementis

IMI2= 4~~(i_y+~y2), (22)

while the spin-dependentpart is

4e~q~
CIMI2= a(i) (23)

In the structurefunctions, the coefficient of 1 — y feeds into F
2, while the

coefficient of ~-y
2 feeds into F

1. Thus the transverse-spinasymmetrywe are
discussingcanbe regardedas a 100% asymmetryin F2 and a zero asymmetryin
F1.

4. Predictionsfor DIS

The measurementsare of the singlehadrondistribution in the “current quark
fragmentationregion” of collisions of unpolarizedleptons on transverselypolar-
izednucleons.An asymmetryof the crosssection is expectedunderreversalof the
nucleonpolarizationas a functionof the azimuthalangle4 of theoutgoinghadron
aroundthe jet axis, which is definedby parton-modelkinematics.The asymmetry
will havea sin 4 dependence.

To a first approximation,the asymmetryis predictedto be the product of the
polarizationof the quarksin theinitial nucleon,the spin-transfercoefficientof the
hard scattering,and the analyzing power of the fragmentation.In principle the
asymmetryis a function of all the kinematicvariablesin the problem.The effect

should be largest in the valence region for both the parton density and the
fragmentation,say for ~ � 0.3and z ~ 0.3. Onecould evenchoosethe hadronto
be the leadinghadronin thejet.

The datashould be analyzedseparatelyfor different charges,and ideally for
different flavorsof hadron(e.g.kaonversuspion versusproton).For scatteringon
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a proton target,the biggestasymmetrywill probablybe for ~, sincethe ~ hasa
valenceu-quark in common with the proton and deep inelastic scatteringdomi-
nantly goeswith u-quarksin the valenceregion. It is possiblethat the asymmetry

will reversesign for ~, and the value for i~-~ is not obvious. It would also be
interestingto seehow big the asymmetryis for K~,which hasa valenceu-quark;
this would probe the difference in the creation of the strangequark—antiquark
pairs in fragmentationas comparedto creationof u- andd-pairs.

Furthermorethere will be a strong dependenceof the asymmetry on the
transversemomentumk ~ of the hadronrelative to the jet axis. This dependence
will be roughly of the form (15), up to an overall coefficient, and it will be
importantto verify this dependence.At small k ~ , thereis a kinematiczero,while,
at largek ~, QCD predictsthe asymmetryto be of highertwist. It is at k s of a

fewhundredMeV to about a GeVthat one canexpect the biggestasymmetry.
Note that the unpolarized cross section itself has a significant azimuthal

dependence[31]. This is predicted[321to be leadingtwist at largek1 , but higher
twist at low k ~, unlike the behaviorof the transverse-spinasymmetry.But clearly

this would be a confoundingeffect to be careful about in the experiments.One
must measurethe actual spin asymmetry in the cross section and not just the
azimuthaldependenceof the crosssection.

Precisequantitativepredictionscannotbe madeat presentsince the asymmetry
dependson somenot-yet-measurednonperturbativefunctions.Interestingcompar-
isons canbe madewith data from proton—protonscatteringand from final-state
correlationsin e~e annihilation.Ultimately we mustwait for experimentsto give
us the valuesof the nonperturbativefunctions.They will probe the spin andchiral
structureof both the initial hadronandof the fragmentation.The spin and chiral
structureof fragmentationis at presenta very little exploredsubject.

But we can suggestthe generalsize, basedon experiencein other situations.
The quarksin the hadronmight be 50% polarized,as for the helicity asymmetry.
The spin transferin the hardscatteringis mostly 80% to 100%,from calculation.

Finally, the fragmentationcould havean analyzingpowerof tensof percent.(The
last figure is the mostuncertain!).Overallwe canthen reasonablyexpectabouta
10% asymmetryin the crosssection.

5. Hadron—hadron scattering

Exactly analogousmeasurementscan be made in jet production in hadron—
hadron scattering. To define the jet axis, one could measurethe jet axis in a
conventional manner;this would probably have too large an uncertainty. An
exampleof a betterway would be to measurethe correlationbetweenthe leading
particlesin oppositejets. Intrinsic transverse-momentumeffectsgenerateout-of-
plane transversemomentumfor theseparticles.The maximum asymmetrywill be
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when the spin vectorof the incomingpolarizedproton is in the planeof the hard
scattering.

More theoreticalanalysisis neededhere.

6. Model calculationsof fragmentation

In this sectionI will presenta very simplemodel calculationof the transversity-
dependentfragmentationfunction. It will show that the spin-dependenceis per-
mitted by the symmetriesof QCD, but that it requiresnon-trivial phasesin the
interaction. Furthermore, it will be clear that the transversity dependenceis
causedby the spontaneousbreakingof chiral symmetry.

The model is a sigma model for pions coupled to quarks in the manner
suggestedby Georgi and Manohar [33]. The lagrangianis to be consideredan
effectivelagrangianfor suitable areasof nonperturbativeQCD. While themodel is
notperfect, it doescontaintwo importantfeaturesof QCD: the quarkdegreesof
freedomand the chiral symmetry breaking. We will calculate the lowest-order
graphfor thefragmentationof a quarkto a pion.To get a transversitydependence

we will see that we must dressthe propagatorsso that they acquire imaginary
parts.

The graphis shownin fig. 4, andits contributionto the unpolarizedfragmenta-
tion follows from the definition eq.(3):

2 1
15(z, k

1) = g 4fdk 22ir~)((k_p)
2_M2)

l6~r (k2—M2)

X~tr y~(~+M)-y
5(IL _pl+M)75(li+M). (24)

Here g is the pion—quarkcoupling, presumablyarounda third of g~NN,for which

p1
\

Fig. 4. Lowest-ordergraphfor fragmentationof quark to pion. Thesolid line is a quarkandthedashed
line is a pion.
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g~NN/(l6~) 1.1. The quark mass M is due to chiral symmetrybreaking,so it
shouldbe around300 MeV. For simplicity, we will neglectthe pion mass.Thena
simplecalculationgives

g
2 I

D= 16~~k~+M2’ (25)

and results in a transverse-momentumdistribution with the canonical 300 MeV
width. The 1/k ~ tail at largek ~ is not to be trusted: it comesfrom a region
where the quark is far off its mass shell, and therethe sigmamodel is entirely
inappropriate.Note the flavor structure:for different chargestatesin the fragmen-

tation of a u-quark,we haveu — :u —~ : u —‘ n~=2:1 :0.
Similarly, the transversity-dependentfragmentationfunction (eq. (4)) in our

model is

~ k
1) = ~4fdk_ 22~~((k_p)

2_M2)
16~ (k2—M2)

tr y~ys .y(A~+BM)y(~_II+M)y(A*~+B*M)

(26)

Here, we have anticipatedthe needfor imaginary parts in the amplitudes,and
haveuseda dressedquark propagatori(Ai~+ BM)/(k2 — M2), where the scalar
coefficientsA andB dependon k2. On-shellrenormalizationgivesthem the value
1 when k2 = M2. The result is

g2 2M Im A*B (1 —z)
(s~kx_sxkY). (27)

16~~(k~+M2)2 z

Hencethe analyzingpoweris the ratio

~iD 2MImA*B(1_z)

i5 = k~+M2 ~ (s~k~~s1k~). (28)

This exhibits the propertiesclaimed earlier: It gives a sin / dependenceon the
azimuthof the transversemomentum,with a kinematic zeroat k~ = 0. A signifi-
cantanalyzingpowerevidentlydependson the phasesof A and B being substan-
tially different, but thereis presumablyno reasonwhy thisshouldnot be the case.

Thereis an apparentblow up of (28)when z —~ 0. This is not actually the case,
sincethe virtual quark then approachesits massshell, where A = B = 1.
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7. Conclusions

I haveproposedthatonecan probethe transversepolarizationof a quarkthat
initiates a jet by measuringthe azimuthal dependenceof the hadronsin the jet,
especiallythe leading hadrons.There are certainly other processesthan the two

explainedin this paperthat could be exploited.The typically large spintransferin
the hard scatteringwill aid in generatinglarge asymmetries.

Perhapsthe most interesting aspectof the idea is that it gives one a direct
handleon how the chiralpropertiesof the stronginteractionscouple to fragmenta-
tion. In particular,it would appearfrom the model calculationsin sect. 6 that the
fragmentationasymmetrywill only appearif thereis breakingof chiral symmetry.
Thus, in the contextof fragmentation,it probesthe known spontaneousbreaking
of chiral symmetry.

Conceivably, the measuredasymmetrycould be very small. This would require
that thequarksin a transversely-polarizedproton havea small polarizationor that
the analyzingpowerof thefragmentationis small. The first possibilityseemshighly
unlikely, given what we know of the other parton distributions in the valence
region. The model calculation for the fragmentationindicates that thereis no
symmetry reasonwhy the analyzing power should be small. Perhapsthe best

suggestionthat a significantanalyzingpower is likely comesfrom the frequencyof
large spin asymmetriesthat are experimentallymeasuredin hadron-inducedpro-
cesses.

The differencesbetweenthe longitudinal and the transversespin asymmetries
in the distribution functionaresensitiveto relativistic andspin—orbit effectsin the
proton wave function,andare thusof intrinsic interest.

I would like to thank severalcolleaguesfor useful conversations,in particular
Bob Carlitz, Steve Heppelmann,Bob Jaffe, Glenn Ladinsky, Lech Mankiewicz,
Jian-Wei Qiu and GeorgeSterman.This work was supportedin part by the US
Departmentof Energy under grant DE-FGO2-9OER-40577and by the Texas
NationalLaboratoryResearchCommission.

AppendixA

Sivers[211suggestedthat the k distribution of aquarkin a hadroncould have
an azimuthal asymmetry when the initial hadron has transversepolarization.
However, as we will now show, such an asymmetryis prohibitedbecauseQCD is
time-reversalinvariant.
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Consider

fa/A(X, k1 ;a, a’)

dyd
2y —

(2~’ exp(~ ik
1 ~y1)<pa I~a(0,y, y 1)2~/a(0) I pa’),

which is a matrix in the helicity indices a and a’. This quantityis the sameaseq.
(1), except that we havereplacedthe hadronstatesby particular spin statesin a
helicity basis.(a and a’ take the valuesL or R.) Contractingthis matrix with the
spin densitymatrix for the incominghadrongives eq.(1).

It can readily be checkedthat the matrix fa/A(X, k ; a, a’) is hermitian, i.e.

[fU/A(x, k1 ;a, a~)]t~[fa/A(X, k1 ;a’, a)] fa/A(X, k1 ;a, a’).

Furthermore,let uschoosecoordinatesin which the incominghadronhaszero

transverse momentum, P ~ = 0. Then invariance under rotations about the z-axis
shows that the diagonal elements, fa/A~, k1 ;RR) and fa/A(X, k1 ;LL) are
functions of the length but not the angle of k ~. Parity invariance implies that
these two diagonal elements are equal:

fa/A(X, k1 ;RR) fa/A(X, k1 ;LL).

We now apply a time-reversal transformation followed by a parity inversion.
With the Bjorken and Drell [22] conventions for the Dirac matrices, we have

~t~j(x)7=PT~(_x)

with PT=iy°y’7
3. Note that momenta are unchangedbut helicity statesget

reversedunder~.T’3’.Moreoverthereis a relativesign betweenthe transformation
of left- andright-handedhelicities:

~9Ip,L)=Ip,R), ~9’Ip,R>=—lp,L),

where we have ignored an overall phase.The relative minus sign is essential,in
order that ~q2 be — 1 when acting on fermionic states.This sign canbe verified
from the transformationlaw of the Dirac field providedthat oneremembersthat
~ is antilinearandthat T* = — T.



1 Collins / Fragmentationof polarizedquarks 181

It follows that

dyd2y
1

fa/A(X, k1 ;LR) = —f 3 exp(—ixp~y+ik1~y1)
(2~r)

XKP,RI~t~Ja(0,y, ~

dyd
2y=_f exp(—ixp~y+ik

1y1)

(2w)

x(p, RI~a(0,—y, ~Y±)PT~PT~a(0)IP, L)*

= fa/A(X, k1 ;LR),

where the complex conjugationarisesbecausethe time-reversaloperator ~ is
antilinear, and the last line follows from the hermiticity of f(aa’). It is now
immediate that the off-diagonal elements are zero:

f(LR) =f(RL) = 0.

The matrix f(aa’) is thereforeproportionalto the unit matrix, so that thereis
no dependenceof the transversemomentum distribution on the spin of the
incominghadron.This contradictsSivers’ [21]suggestion.
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